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FOREWORD 

This volume is a reprint without alteration (other than correction of 
several misprints) of Chapter 9 of the author's Advanced Calculus as pub¬ 
lished in 1952. It is reprinted in the belief that this chapter by itself may 
prove to be of value, both for reference and as a text for a course on com¬ 
plex variables. The 130 pages provide more than enough material for a 
one-semester course meeting three times a week; they have been used as 
text for such a course at the University of Michigan. 1 he background 
assumed is a knowledge of the calculus of functions of one and two real 
variables, theory of line integrals in the plane, and theory o infinite senes. 
Outside of a few references to earlier chapters of Advanced Calculus, this 
book is essentially self-contained. In particular, the complex number 
system is developed fully without assumption of previous knowledge. 

The theory of functions of a complex variable forms a beautilul pait ot 
mathematics and is at the same time of great value in solution of problems 
of physics. Indeed, an understanding of the physical applications of the 
theory is of considerable aid in giving motivation to the mathematics 
This aspect of the subject is stressed, particularly in the discussion ol 
boundary value problems. It is hoped that the emphasis on applications 
will be of value to engineers, physicists, and mathematicians alike. 

Less essential sections are marked with an asterisk. 

Wilfred Kaplan 


May, 1953 
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CHAPTER 9 


FUNCTIONS OF A COMPLEX VARIABLE 


9-1 Introduction. Complex numbers have been encountered at several 
points in the previous chapters of this book: as part of algebra, in Section 
0-3; as part of the theory of infinite scries, in Section 6-19; in connection 
with Fourier scries and integrals in Section 7-17; as an aid in solution of 
linear differential equations in Sections 8-10 and 8-12. ^ „ 

These examples are perhaps sufficient to convince one that “imaginary 
numbers can be put to very real use. However, their value goes far be¬ 
yond what is suggested by these examples. It is not too much to say that 
there is hardly a branch of pure or applied mathematics in which complex 
variables have failed to be employed in a significant way. 

A typical example of the simplicity and power of methods based on com¬ 
plex variables is the problem of determining harmonic functions of two 
variables. One observes that 


(x + iy) 2 = x 2 - y 2 + i • 2 xy 
has a real part u = x 2 — y 2 which is harmonic, for 


bhx 
dx 2 



Similarly, the imaginary part v — 2xy is harmonic. Again, 

(x + iy) 3 = x 3 - 3 xy 2 + i(3x 2 y - y 3 ) 


has real and imaginary parts: 

u = x 3 - 3 xy 2 , v = 3 xhy - y 3 

which are harmonic. It is now natural enough to conjecture that, for any 
positive integer n, the real and imaginary parts of 

(x + iy) n 

are harmonic. This does indeed prove to be the case. If one writes: 
z = x + iy, a similar statement applies to every polynomial in the complex 

variable z : 

a 0 + a\Z -f- • • * + u n _iz n 1 + a n 2 "> 

where a 0 , a»,.. ., a„ are complex constants. Again a natural generalization 
suggests itself: to let n become infinite, and consider a power series: 

rfj 

a 0 + «iz +-h W" + ' ’ ' =2 a "* n ' 

n - U 

It will be seen that the real and imaginary parts of such a series, which are 
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then power series in x and y, are harmonic, provided the series in 2 converges 
in some domain. More generally, one can consider series of form 

£ o-r.iz — b) n , 

n -0 

where b is complex, and a similar result obtains. This is as far as we need 
to go, for every harmonic function can be obtained in this way. 

As pointed out in Section 5 - 15 , every harmonic function can be inter¬ 
preted as the velocity potential of a fluid motion, as an equilibrium tem¬ 
perature distribution, as an electrostatic potential. It is clear then that 
complex variables will prove of aid in solving the problems of the fields 
suggested. Illustrations of such applications will be considered below. 

A convergent power series in powers of z or of 2 — b defines a definite 
complex-valued function of the complex variable 2. It is such functions 
which are the main object of study here; they are termed analytic functions 
of 2. It turns out that all familiar elementary functions have natural 
extensions to complex values of the independent variable and that they all 
give rise to analytic functions of z : e ‘, log 2, sin 2, etc. In fact the study of 
these functions as functions of a complex variable gives considerable new 
information on the same functions of real variables. 


9-2 The complex number system. While the complex number system 
was introduced briefly in Section 0 - 2 , we repeat the basic definitions here 
and consider several properties in more detail. 

Complex numbers are numbers of form: 


+ iy, 

where x and y are real. We write 

z = x + iy 

and plot, complex numbers in the 
cy plane, also termed the 2 plane 
(fig. 0 Jl. Two complex numbers 
are regarded as distinct unless thev 
have the same x and y. lienee, by 
definit ion. 


y 



Fro. 9-1. Complex number plane. 


x 1 + iy 1 -= -r. + iy > if and only if x Y = x 2 , y x = y 2 . ( 9 - 1 ) 

When 2 = x -f iy, we write 

x = Refo) = real part of 2, 
y — lm(z) = imaginary part of 2, 

0 = arg 2 = argument of 2 (amplitude of 2), ( 9 - 2 ) 

r — l-l = absolute value of 2 (modulus of 2), 
x — iy = 2 = conjugate of 2. 


I hese quantities are shown in Fig. 9 — 1 . The angle 6 is measured in radians 
and determined only up to multiples of 2 *-; it is undefined for x = y = 0 . 




(9-4) 
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The operations of addition and multiplication are defined as follows: 

(xi + iyi) + (x 2 + iyt) = x, + x 2 + i(yi + y*)> (9-3) 

(xi + m) • (x 2 + iyt) = X 1 X 2 - yiy 2 + 

One then verifies the rules of algebra: 

Zi + Z2 = Z2 + Zl, zi ‘ z 2 = z 2 • z 1, 

2l + ( 22 + 23) = ( 2l + 22) + 23, Zl • (**•) = ( Z ' Z *> • 23 

2l * (2 2 + 23) = 2i • 22 + 2i • 23- 

The numbers of form i + t- 0 behave exactly like real numbers and we 
write 

x + *0 = x. 

We call 2 = 2 + t'O a real complex number. In particular, 0 + iO — 0, 
1 + t0 = 1 and these have the usual properties: 

1-2 = 2 , 2 + 0 = 2 , 2-0 = 0. (9-5) 

The number 0 + t • 1 is written as i; by (9-3) it has the property: 

;*=-!. ( 9 - 6 ) 

The complex number *-* + «» can bo obtained by addition of the real 
number x (i.e., * + iO) to the product of i by the real number y. Hentt 

the notation x + iy is justified. Numbers of the form ly are termed pure 

imaginary. 

The equations 

zi + 2 = 22, Zl • 2 = 22 

have unique solutions for 2 : 


2 = z 2 — Zi, 2 = 


22 

Zl 


provided there is no division by 0. Subtraction of 2 , is the same as addi- 
tion of the negative of zi: 

Z 2 — Zl = z 2 + ( —2i), —Zl = (—1) ' Zl. 

Other algebraic properties are deducible from those listed; in general, alge¬ 
braic operations with complex numbers proceed as for real numbers, with 
i treated a« a variable satisfying the equation i — 

With each complex number 2 y 

one can associate the vector Oz, 
whose components are then x and y. 

The rule of addition (9-3) is then 
the same as for vectors; this is illus¬ 
trated graphically in Fig. 9-2. Sub¬ 
traction of Zi from z 2 can also l>e 
carried out as for vectors; one ob¬ 
tains the vector from 21 to z 2 , which 
must then be replaced by an equal 



1 

Fio. 9-2. Addition and subtraction of 
complex numbers. 
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vector of form Oz. This is also illustrated in Fig. 9-2. From this we 
deduce the important rule that 

|z 2 — Zi| = distance from zi to z 2 . 

From the same figure we deduce the two inequalities: 

\zi -f* Z 2 | ^ |zi| + |z 2 |, 

\z 2 - Zl\ ^ I \Zi\ — \zi\ |. 

The first states that each side of a triangle is less than or equal to the sum 
of the other two sides; the second states the (logically equivalent) property 
that the difference of two sides is less than or equal to the third side. 

The rules 

Re(zi ± Z 2 ) = Re(zi) ± Re(z 2 ) f 
Im(zj ± Zi) = Im(zi) ± Im(zj), (9-9) 

z = Re(z) — i Im(z), 

are essentially restatements of the definitions of addition and conjugate. 
From these we at once conclude: 

zT+Ti = zj + Zi. ( 9 - 10 ) 

We also note the properties: 

z -f- z = 2x = 2 Re(z), z — z = 2 iy = 2 i Im(z) (9-11) 

and 

z • z = x 2 + y 2 = jz| 2 . (9-12) 

0-3 Polar form of complex numbers. From the properties of polar 

coordinates one obtains the relation 

z = x -\- iy = r cos 0 -f- ir sin 0 = r(cos 6 + i sin 0). (9-13) 

term r(cos0 4- i sin 0) the polar form of z. This is of considerable aid 
ui analyzing multiplication and division, for 

Zi • z > — ?*i(cos 0 1 4- i sin 0,) • r 2 (cos 0_> + i sin 0_>) 

— r W:[(-’.os 0 1 cos di — sin 0i sin d 2 ) -+- z(sin 0i cos 0 2 -f- cos 0i sin 0 2 )] 

= ' i7‘i[eos (01 -f- 0i) + i sin (0, + 0 2 )]. (9-14) 

One lias thus the rules 


ai g(~i • z 2 ) = arg zi + arg z 2 (9-15) 

(up to multiples of 2?r). 

This can be used as the basis for 
a graphical construction of the 
product ci • as shown in Fig. 9-3. 
The triangle with vertices 0,1, z, 
must be similar to the triangle with 
vertices 0, z 2 , ziz 2 . 



(9-7) 

(9-8) 


Fig. 9-3. Multiplication of complex 
numbers. 



Q 3J POLAR FORM OF COMPLEX NUMBERS ^89 

From the definition of division we deduce the properties paralleling 

( 9 - 15 ): , . . 

z, _ \zi\ 

.ft " w' (9 - 16) 

arg = arg Z\ - arg z 2 (up to multiples of 2 tt). 

If this is combined with the operation of subtraction, we conclude that 


z 3 



Z 3 — ?! 

arg- 

Z-i - Zl 

represents the angle at vertex z, 
of the triangle Z 1 Z 2 Z 3 , as shown in 
Fig. 9-4. We also note the rule 

\z\ = \z\ f arg z=-arg z (9 _ 17) 
(up to multiples of 2 tt), . 

from which wc conclude, on the 
basis of (9-15) and (9-16), that 


Zi • Z-1 = Zl • Zi 


• © - i 


(9-18) 


(9-20) 


By repeated application of (9-14) one deduces the formula for the nth 
power of z: 

2 " = [r(cos 0 + i sin 0)]" = r"(cos nd + i sin riO) (n = 1,2,.. .)• ( 9 " 19) 

For r = 1, this is the De Moivrc theorem: 

(cos 0 + i sin 0) n = cos nd + i sin nd (n = 1,2,...). 

This in turn leads to a rule for the nth roots of z. For if 

z* = 2, zi = r(cos 0i + i sin 0i), 

then 

r?(cos ndi + i sin n0,) = r(cos0 + i sin 0). 

Hence 

r , = tyr (the real positive nth root), 
nd x =0 + 2 /ctt (k = 0 , ± 1 , ± 2 , . . •)• 

One obtains only n different complex z 
numbers here: namely, the numbers 

^ [ r ' w G + it) 

(9-21) 

+ . Bin (® + ^)]> k — 0, 1 . n-l. 

This is illustrated in Fig. 9-5, with n = 4. 



Fio. 9-5. Fourth roots of z . 
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The rule (9-12): z • z = |z| 2 will be found exceedingly useful. For ex¬ 
ample, it aids in the carrying out of division: 

3 — i _ 3 - i 5 — 2i _ 1 3 - lit 
5 + 2i ~ 5 + 2i ’ 5 — 2 i 29 

To get rid of imaginaries in the denominator, one simply multiplies and 
divides by the conjugate of the denominator. 


9-4 The exponential function. We write 

e x+iy _ e *( C os y -f- i sin y ) (9-22) 

as the definition of e‘ for complex z. When y = 0, e s reduces to the familiar 
function e z . This function will be studied and used extensively in the 
later sections. We introduce it here because of the Euler formula: 

e* = cos 6 + i sin 0, (9-23) 

which is a special case of (9-22). This is a very convenient abbreviation. 
We can now write: 


z = r (cos 0 + i sin 0) = re'° 

and obtain a more concise way of writing z in polar form. From (9-15) 
and (9-16) we conclude that 


c® i • = c «oi+W > 

r>^h 

- - = C <(02-0,) # 

e Wl 


(9-24) 


These are familiar properties of the real exponential function. The opera¬ 
tion of multiplication is now as follows: 


Similarly 


Z\ • z 2 = r\C 01 • r-vc i,,: = rir 2 c ,(< ’» + ® ,) . 


z n = ( re w ) n = r n e tn0 (a = 1,2,...). 


The formula (9-21) for z n can also be written concisely: 


1 ( 9 + 2t* 


= ( rc u ) n = r n c n , A* = 0, 1, ...,»— 1 


(9-25) 

(9-26) 


(9-27) 


PROBLEMS 


1. Graph the complex numbers: 1, t, —1, —t, 1 + i, — 1 + x, 2i, V 3 —V2i. 

2. Reduce to the form x + iy: 


GO (2 + 3i) + (5 - 2i) 
(b) (1 - 0 • (2 + 0 


(<D 


+ 


1 + t 


1 + t 
(e) (1 + t) 10 


3 -b i 


(0 i 17 
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3. Prove that |1 - z\ = |1 - z\. Interpret geometrically. 

4. Prove tliat, if \a\ = 1 and |6| ^1, then 

=i. 

1 — ba 

[Hint: let z = (a - 6)/( 1 - ba). Show that 2-2=1 and use the rule: 2 • 2 = WM 

5. Evaluate the following roots: _ 

(a) vi, ( b) <n t (c) <r=m ( d ) & s -32 - 

6. Solve the equations: 

^ X 2 l Q A (c) Z s — 2 Z 4 +1=0 

b) z< + 16 - = 0 td) z- + z- + z+l=0 [Hint: mul- 

tiply by 2 — 1.1 

7. Prove the identities 

cos 30 = cos 1 0 - 3 cos 0 sin 2 0, sin 30 = 3 cos 2 0 sin 0 - sin 3 0. 

[Hint: use (0-20).] 

8. Graph the following loci: 

(a) \z\ = 1 (0 1*1 ^ 1 

(b) arg 2 = tt/4 (B) I* “ l l = 1 

(c) lie( 2 ) = 1 0‘) |z “ 0 < 2 

(d) I in ( 2 ) =-I (i) I* - ll ^ 1 

(e) \z\ <1 0) I* ” ll ^ 1 

(p) 2-2 + (1 + i)z + (1 - i)z + 1 = 0 

(q) Rc( 2 ) > 0 

(r) 0 < Im( 2 ) < 27r. 

9. (a) Prove the rules (9-4). 

(b) Prove that the rule 

(re*)" = r”c in0 

. , <■ _ 1 _o if z ~ n is defined as 1 /z" (2 ^ 0). 

remains correct for n = — 1 , • • • 11 2 ' 


(k) \z 21 = 1 2 2*| 

(l) \z - 21 = 2 |2 - 2*| 
(ill) |2 — 1| + \z + 1| = 3 

(n) |2 — 1 | — |2 + 1 | = 1 

(o) Re (2 — 1) = |z| 


(c) l - li, (d) f - (c) 32t, (0 t. 


(c) 


^ («“ T. 


kir . A-tt 

-b t sin - 

12 1 


1) 


ANSWERS 

2. (a) 7 4- i, (b) 3 - i, (c) 5 “ I» 

V2 , 1 V3. 

5. (a) ± -y (1 + i), 00 b 2 _ 2 * 

k = 3,11,19, (cl) ±^<1+0. ±X (1_I)> (c) 2 ('" ,s T + ' sin 'iT) 

k = 1, 3, 5, 7, 9. 

6. (a) ±v/3t, (b) ±V2(1 + t), ±V20 -0, 00 b b *■ _1> _1 ' 

-i, -i, (d) -1, ±i. 

9-6 Sequences and series of complex numbers. This topic i "- s,, ' (ll, ' d 
in Section 6-19. Here we review briefly the main facts and mhodm 
new notion, that of approach to infinity. 
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If to each integer n = 1, 2, ... a complex number z„ is assigned, then a 
sequence of complex numbers: z„ is defined. The sequence is said to con¬ 
verge to the limit z 0 : 

lim z„ = z o (9-28) 

n— 

if, for each positive e, an N can be chosen such that \z„ — z 0 | < e for n > N. 
If the sequence fails to converge, it is said to diverge. 

Theorem 1. The sequence z n converges to z 0 if and only if Re(z„) con¬ 
verges to Re(zu) and Im(z n ) converges to Im(z 0 ). 

Theorem 2 ( Cauchy criterion). The sequence z n converges, if and only if 
for each -positive e an N can be found such that 

|z m — z„l < e for n > N and m > N. (9-29) 

Theorem 3. If lim z n = z 0 and lim u\ = w 0 , then 

lim (z n ± w n ) = z 0 ± w 0 , lim (z„ • w n ) = z 0 • w 0 , lim — = — (w 0 ^ 0). 

U'n W Q 

(9-30) 

Theorems 1 and 2 are Theorems 46 and 47 of Section 6-19; Theorem 3 
follows from Theorem 1 and from Theorem 5 of Section 6-4. 

One writes 

lim z„ = co (9-31) 

r»—*oc 

and says, “the sequence z n diverges to infinity,” if, for the real sequence |z„|, 

lim |z„| = . (9-32) 


Hence, for each real number K it must be possible to find an N such that 

\z r .\ > K for n > N; (9-33) 

given any circle with center z = 0 and radius K, all members z„ of the 
sequence lie outside the circle for n sufficiently large. It should be re¬ 
marked that there is no distinction, for complex numbers, between <*> 
md — co : there is just one complex number co . This special number will 
be discussed further in Section 9-25. 

An infinite series of complex numbers is an indicated sum of the mem¬ 
bers of a sequence: 


zi + Zs + 


+ z n 4- 


= T2-n- 


(9-34) 


n - 1 


This Ls said to converge and have the sum S if 


lim S n = S, 

u —*00 

where »S„ is the nth partial sum: 


(9-35) 


Sn — Zi + • • • -f- 2„. 


(9-36) 
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If the sequence S n diverges, the series is said to diverge. The series (9-34) 
is said to be absolutely convergent if the series 


converges. 


PC 

\Zl\ + • * * + \Zn\ + ' * * = Y \ Zn 


n = 1 


Theorem 4. ^2 z n = S if and only if 

n - 1 

V Re(z„) = Re(S) and J2 Im ( 2 ») = Im (*S)- (°~ 37 ) 

n “ * 

Theorem 5. If Zz n is absolutely convergent, then -z n converges. 

Theorem 6. If the n-th term of the series Zz n fails to converge to 0, then 
2z„ diverges. 

Theorem 7 (Comparison test for convergence). If |z„| ^ a n , where La„ 
converges, then ~z n is absolutely convergent. 


Theorem 8 (Ratio test). If the ratio 

Z n -4-1 

Zn 

converges to L, then the. series Zz n is absolutely convergent if L < 1, is di¬ 
vergent if L > 1. Afore generally, the series is absolutely convergent if the 
ratio remains less than a number r which is less than 1 for n sufficiently 
large; the series diverges if the ratio is greater than or equal to 1 for n suffi¬ 
ciently large. 


Theorem 9 (Root test). If the sequence 

converges to L, then the series L'z„ converges if L < 1 and diverges if L > 1 
More generally, the series converges absolutely if 


lim y/\zn1 < 1 


n— 


and diverges if 


Theorem 10. If 


lim ^ > !• 


n-*x 


f"z„ = 2* and Y Wn ~ w *’ 

«-o 


n - 0 


Y (Z" ± = Z * ± W *' 


n -0 


then 
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If both series are absolutely convergent, then 

Z 0 W 0 + (ZiWi + ZlWo) + • • • + ( ZoWn + Z\W n — j + • • • + ^ n W o) 

z* . w *- 

the series on the left is absolutely convergent and the parentheses can be re¬ 
moved without affecting absolute convergence or the sum. 

For proofs one is referred to Chapter 6. 


9-6 Functions of a complex variable. If to each z = x + iy of a 
certain range a complex number w = u + tv is assigned, then one states 
that w is a function of z over the given range: 

w = f(z). 

The values of tv may happen to be real or pure imaginary. The following 
are functions of z for the range indicated: 


w = z 3 (all z), 
1 


w = 


z~ 4 1 


(all z except ±t), 


w = l^j (all z), 

w — 6 = arg z, where 0 ^ 6 < 2ir (all z except 0), 
w = z (all z). 

For almost all the functions considered in this chapter, the independent 
variable z will vary over some domain (open region) in the z plane (cf. 
Section 2-2). 

Let I) be a domain in the 2 plane and let tv = f{z) be defined in D. To 
each z = x -{- >y in L) is then assigned a value of w = u -f- iv. Thus 
u = R('(ii’) depends on x and y, as does v = Im(u>). For example, if 
tv — s 2 , then 

u + iv = (x 4- iy)* — x~ — y* 4~ i • 2xt/; 

hence 

u = x 2 — y 2 , v = 2 xy. 

Tf,c c-^ph-x function tv = f(z) is equivalent to two real functions u(x, y). 

Such pairs of funct ions of two variables are studied in Sections 2-8, 4-S, 
and d- 14, where they are interpreted as a transformation from the xy plane 
o t 10 uv plane. 1 bus, it w = 2- and D is chosen as the circular region: 

i| < 1, then to each point of I) corresponds a point of the domain D, 
v in tenor of a cardioid) shown in Fig. 9-6. For 2 = 1 , w = z 2 = 1 and 
other paired points are shown in the table of Fig. 9-6. The assignment of 
u- \ a lues, ro the points 2 is also indicated by curved arrows joining the 2 
to he. corresponding w. This method of graphing the function is clearly 
a clumsy one; it will be improved on in Section 9-31. 

„ ^ n to\ h fini? t ^ rP *r tat i i ° n °L thC pair of fun< ‘ tions «(*> 2 /), v(x, y) is that of 
Section 9^34* *" ° P ° (Sect,on 3 ' 2 >- This be studied further in 
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Fig. 9-G. The function w = z 1 . 


on 


The function w = /(z) may bo defined, not in terms of familiar operations 
z, as in the examples above, but by operations on x and y. Thus 

w = r°-y + i/ 3 + - X'J) 


defines w = u + iv as a function of z = x + iy for all z; for, Riven wo 
find x, y, and then w. The corresponding real functions u(x, y), v(x, y) are 

as follows: 

u = xhj + y\ v = x 3 - xy. 


The point to be emphasized is that the two methods are completely equiva¬ 
lent. Each function w = f(z) is the same as two real functions: u - g(x, y), 
v = h(<Xi y) un d each pair of real functions in I) defines one function w - f(z) 

in . . • */ \ 

A complex number z 0 is termed a zero (or root) of a function f{z) it 

/(z 0 ) = 0. For example, z 0 = i is a zero of /(z) = z 2 + 1. 


9-7 Limits and continuity. Let w = f(z) be defined in the domain I) 
except perhaps at the point z u of D. I hen one w rites 


lim /(z) = c 


(9-38) 



lim/(z) =/( 2 u)* 

2—*iQ 


(9-39) 


Theorkm 11. Let w = f(t) be defined in the domain D except perhaps 
at the point z 0 = x 0 + iy>> of D. Let 

u = y(x, y), v = h(x, y) 
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Fia. 9-7. Limits for complex functions. 


be the corresponding real functions of x and y. Then 

lim/( 2 ) = c = a + tb 

Z—+ZD 

if and only if 

lim g(x, y) = a, lim h(x, y) = b. 


z —*io 
tr—vo 


x—*io 

U—*Vo 


( 9 - 40 ) 


( 9 - 41 ) 


If /(*o) is defined , then f(z) is continuous at z 0 if and only if g(x, y) and 
h(x, y) arc continuous at ( x 0 , y 0 ). 

The proof is the same as the proof of the corresponding principle for 
sequences, Theorem 46 of Section 6-19. 

Example. The function 

w = log (x 2 + ?/ 2 ) -f- i(x* — y 2 ) 

is defined and continuous except for 2 = 0 , since this holds for the real 
functions 

v = log (x 2 + if-), v = x- — y 2 . 

Theorem 12. If lim/( 2 ) = c and lim g(z) = d, then 

-— z — 

top l/( 2 ) + 0(z)] = c + d, lim [f(z) • g(z)] = c • d, 




s—& g(z) d 


(9-42) 


The sum , prorfutf, W tfuoficw/ (except for division by zero) of continuous 

Junctions is continuous . 4 continuous function of a continuous function 

2 s* continuous. 

’I his theorem states in concise form the analogues for complex functions 
ot t he hi miliar limit and continuity theorems. They can be proved as for 
ica variables (Section 2-4) or as an application of Theorem 11. Thus let 
/(-) — u i + iv i, 27 ( 2 ) = u 2 -J- iv 2 . Then 

/(-) • !7(z) = (Mi 4- fr,)(w 2 4 - t*p») = - Vl v 2 4 - t(u,a 2 4- u 2Vl ). 

If / and y are continuous at 2 0 = x 0 4- fy* then tq, m 2 , a 2 are continuous 
(x °’ yo) > 80 that UlU * ~ v ' v * und + m 2 c, are continuous at (x 0 , y 0 ) by 
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9—7] u “'“ ,u --- 

the theorem for real variables. Hence/(z) • g(z) is continuous at z 0 . The 
other principles are proved in the same way. 

By repeated application of Theorem 12, one verifies that each polynomial 

w = a 0 + a x z -b • • • + flr*z n 

is continuous for all z, as is each rational function: 

P(z) 


w = 


Q(Z) 


(P, Q polynomials) 


in each domain containing no zero of the denominator. 

Theorem 13. Letf(z) be defined in a domain D and let f(z) be continuous 
at the point z 0 of D. Then 

lim /(z„) = f(z 0 ) 


n—*Jj 


for every sequence z n converging to z o. 

The proof is the same as for the corresponding theorem for real functions, 
Theorem 4 of Section 6-4. There is also a converse theorem: if f{z n ) con¬ 
verges to/(z 0 ) for every sequence z„ converging to z„, then f(z) is continu¬ 
ous at z 0 . A 

Let/(z) be defined in D except perhaps at the point z 0 of D. ()ne writes 


lim f(z) = co 


Z—Zo 


if 


lim \f(z) | = co ; 

Z —»20 

i.e., if, for each real number K, there is a positive 8 such that 

|/(z)| > K for 0 < \z — zo| < S. 

Similarly, if f(z) is defined for |z| > If, for some R, then 

lim f(z) = c, 

if for each c > 0 one can find a number R 0 such that 

|/(z) - c\ < t for \z\ > R 0 ; 

on the other hand, 


(9-43) 


(9-44) 


(9-45) 


(9-46) 


(9-47) 

(9-48) 


(9-49) 


lim/(z) = 03 , 

if for each real number K there is a number R 0 such that 

|/(z)| > K for \z\ > Iio. 

All these definitions emphasize that there is just one complex number ® 
and tliat “approaching U equivalent to receding from the origin. A 

further discussion is given in Section 9-25. ... , , 

As in Section 2-4, the notions of limits and continuity can be applied 

to functions defined on an arbitrary set of points h in the z plane and tin 
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above results continue to hold. For most applications here, the functions 
will be defined in a domain. Occasionally we shall consider functions 
defined in a closed region or on a curve. 


9-8 Sequences and series of functions. If the functions fi(z ),. • •, f n (z), 
... are all defined in the same domain D, they form a sequence of functions 
in D. Thus to each z 0 in D is assigned a sequence of complex numbers 

7 ,( 20 ), . . . , /„(z 0 ),_ The sequence /„(z) is said to converge in D to the 

limit f(z ): 

lim /„(z) = f(z) (9-50) 

n—+x) 



lim/„(z 0 ) = /(zo) (9-51) 

n —*00 


for each z 0 in D. 

If the terms of an infinite series are the functions/„(z), all defined in Z>, 
then one has a series: 


oc 


/.(z) + • • • +/,(z) + • • ■ = 2 /n(z) 

n - 1 


(9-52) 


of functions in D. This series converges in D to the sum S(z) if 

lim S n (z) = S(z), (9-53) 

n—*xt 

where S„(z) is the nth partial sum: 

SrXz) -/.(*)+••• + /■(*). (9-54) 

The scries is said to be uniformly convergent in D (or in a set of points E 
in />), if to each e > 0 an X can be assigned — the same for all points of D 
(or E) — such that for all 2 in D (or E) one has 

| S n (z) - S(z)[ < 6 for n > X. (9-55) 


The significance of this condition is the same as for real series (Section 6-12). 


Example 1 . The complex geometric series: 

l + z + z 2 + •••-}- 2 " 



n-0 



is convergent for \z\ < 1 to the sum 1/(1 — 2 ). For 


Hence 



It 2 is a fixed point of the domain |z| < 1, then |1 — z| is a fixed positive 
number, as in Fig. 9-8. As n increases, !z!" converges to 0, since \z\ < 1. 
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Hence &„(z) converges to 1/(1 — z). 
However, the “absolute error” 

1 * 1 " 


1 - 2 


for each fixed n depends on the 
distance |1 — z| between 1 and 2 . 
As 2 approaches 1, this error be¬ 
comes infinite; however, if 2 remains 
within a circle |z| ^ 5 , for example, 
the error is largest for z = %. Hence 
the convergence of the series is uni¬ 
form for | 2 | g \. For when \z\ g \ 



«•> - nb ‘ O’' * - 


2»*-i 9 


if n is chosen sufficiently large, the error is less than a preassigned < for 
all 2 of the circle \z\ ^ 

Theorem 14 (M-lesl). Let 

Mi -1 -+ M n + 


• • 




n - l 


be a convergent series of positive real numbers. Let -f„(z) be a senes of 
complex functions f n (z), all defined in a region It. If 

\fn{z)\ ^ Mnfor all z in It, 

then the series 2/„(z) is uniformly convergent in It and is absolutely con¬ 
vergent for each z in It. 

Theorem 15. Let the. series S/„(z) be uniformly convergent to the sum 
f(z) in a region It and let all the functions fi(z), fi{z), • • • be continuous in 
It. Then the sum f{z) is also continuous in It. 

These theorems are proved as for real functions or can be reduced to 
theorems on real functions by Theorems 4 and 11 (Sections 9-5 and J-7). 
The region It can be replaced by a general set E in both theorems. 

Example 2. We consider again the geometric series ^ 2 ". We can 

n -O 

prove uniform convergence without knowing the sum of the series. \a t 
k be a positive real number less than 1 ; then 

|z|" ^ M n = k n 

for all z of the region: |z| ^ k. Since *M n = 2*" converges f„ r A- < 1, we 
conclude by Theorem 14 that 2z" converges uniformly and absolutely fot 
|z| ^ k. Hence, by Theorem 15 the sum of the senes is continuous m 
each region |z| ^ fc; therefore, the sum must be continuous tor | 2 | < 
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PROBLEMS 


1 . Test for absolute convergence and for convergence: 




(a) £ S 


n — 1 


03 • 


, , v- (1 + 0* 

(c) s 


2. For each of the following functions of z tabulate the function for 5 different 
values of z and indicate graphically the correspondence between z values and 
w values: 


(a) w = z* 

(b) w = 2z 

(c) w = z + 3 + 2t 

(d) w = : 


(e) id = e *z 

2z - 1 

(f) „ = _ 


3. Determine, for each of the functions (a), (b), (c), (d), (e) of Problem 2 the 
range of w as z varies over the circle \z\ ^ 1. 

4. Write as two real functions of x and y: 

<a)w "f (d) w = z - 

(b) w = - . Z 


(d) w = z + - 

z 

(e) w = e* 

(f) w = zc’ 


(<•) u> = y-— (f) w = zc' 

5. Determine the values of z for which the following functions of z are continuous: 

(a) t u = z- — z (e) w = Re(z) 

(b) iv = iy 4 t(x 3 4 if) (f) w = z 

(C ) „ „ 2 ,_-g <B) ” = 1*1 

2 ' + 1 (h) tc = log !z| -+■ t arg z, where 

(<1) tc = c* — 7r < arg z ^ 7r 

ij. Show that each of the following series is uniformly and absolutely convergent 

for Iz! S 1: 


(0 u. - 


•» £ 


/] - l 


(c) £ 


n - l 


<>’> £ 


n i 


><2 n 


(d>E 


(g - IV 

3 n 

sin no* + i cos ntj 


n — 1 


ANSWERS 

1. (a) absolute convergence, (b) convergence, not absolute, 

3. fa) M 5 1. (b) 'u-| ^ 2, (c) |ic - 3 - 2i| ^ 1, 

(e) \w\ ^ 1. 

4. (a) u = x 3 — 3xy 2 , c = 3x*y — y 3 ; 

(b) it — ——-• c = -——• 

x 2 4 y 2 x- 4 if 

,.\ ^ + y- + X y 

( C) 14 —-;- 9 V =---• 

U 4 1)'- + if (X + ir- 4 y 2 ’ 


(c) divergence. 

(d) |u>| ^ 1, 
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(d) u = x + 


X 2 + y 


v = y - 


y 


x- + y 2 


(f) all z, 


lim 

Ar— 0 


(e) u = e x cos y, v = e z sin y, . 

(f) u = xc x cos y — ye x sin y, v = xe x sin y + yc x cos y. 

5. (a) all z, (b) all z, (c) z ^ ± *, (d) al1 2 ' (e) a11 2 ’ 

(g) all z, (h) all z except for z real and negative or zero. 

9-9 Derivatives and differentials. Let u> = /(*) be given in D and let 
z 0 be a point of D. Then u> is said to have a derivative at z u it 

fUo + Az) - f(zn) (9-56) 

A2 

cists; the value of the limit is then denoted by /'(*.)■ This defimtoU 
in appearance the same as that for functions of a real vanabl<ndI dw 
he seen that the derivative does have the usual property t 

will also he shown that, if w = J(z) has a continuous denvat.vc m *doma» 
D then /(z) has a number of additional properties, in particular, 

corresponding real functions u and v must Ik* harmonic. Hrriv . ltivc 

The reason for the remarkable consequences of possession of a den\ati\c 
lies in the fact that the increment Az is allowed to appnnich 0 «» ^ ^ 
nor. If one restricted Az so that z„ + Az approached Zu a'* ; 

line, then one would obtain a “directional derivative ™ 

obtained is required to be the same for all directions, sc»that t 1 t 
derivative” has the same value in all directions. Mom i , z„ + *z m 
annroach z„ in a quite arbitrary manner, for example, along a spnal path. 
The limit of the ratio Au;/Az must be the same for all manners of approach. 



If as in Fia 9-0 z<> + Az approaches z n along a line z.,zi, then in g< n<i.d 
teo + Z! JfL + £) will approach along a curve through »«. Iho 
existence o/the derivative implies that Aw is approximately a constant c 

(c = a + hi) times Az: 

Au> ~ c Az [c = /'(zo)l* 

Thus 

|Aic| ~ \c\ • |Az[ and arg A w ~ arg c + arg Az; 
that is, Aw has (approximately) a modulus M which is in a fixed ratio to 
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\Az\ and a direction arg Aw which differs by a fixed angle from that of Az. 
Accordingly, if the line ZoZj is replaced by a line ZoZ 2 forming an angle a with 
the first line, then the corresponding curve in the w plane will also rotate 
through angle a in the same direction. If Zo -f- Az varies on a small circle 
about z 0 , then w 0 4- Au; varies (approximately) on a small circle about 
w 0 ; if 2 0 + A 2 rotates through an angle a about z 0) w 0 4* Aw does (approxi¬ 
mately) the same about w 0 . [It has been assumed here that/'(z 0 ) = c ^ 0; 
the case/'( 2 0 ) = 0 requires special discussion.] 

A transformation from the xy plane to the uv plane is said to be conformal 
and sense-preserving if to each pair of curves forming angle /3 in the xy plane 
there corresponds a pair of curves forming the same angle /3 (in the same 
sense) in the uv plane (cf. Fig. 9-9). It follows from the discussion just 
given that, if w = /(z) has a derivative in D, then the corresponding trans¬ 
formation from the xy plane to the uv plane is conformal and sense-pre¬ 
serving except where f\z) = 0. This will be studied in detail in Section 
9-30. 

Now let w = /(z) be given in D and let /'(zo) exist and have value c. 
Let 


Aw; _ /(z 0 4- Az) — f(z 0 ) 

r ~ L 

A? A z 


C. 


Then by (9-56) 


We can write 


lim e = 0. 

A^-0 


Aw = c Az -f « Az. 


(9-57) 

(9-58) 


This equation shows that Aw must approach 0 as Az approaches 0; hence, 
if f'(z .) exists , f(z) must he continuous at z 0 . In gcnerul, we say that a 
function w — /(z) has a differential 

<lw = c Az 

at Zn, if at z,j 

Aw = c Az 4- e Az, 
where c is independent of Az and 

lim 6 = 0. 


Thus Kqs. (9-57') 
has a differential ; 


and (9-58) state that, if w has a derivative at z 0 , then w 
it z 0 . Conversely, if tv has a differential at z 0 , then 


so that 


—— = e 4- 6, lim e = 0, 

AZ Ar—»0 


Aw 

lim- 

a.— o Az 


c 


and tv has a derivative f'(zo) = c. 
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Theorem 16. If w = f{z) has a differential 

dw = c Az 

at Zo, then w has a derivative f'(z„) = r. Conversely, if w has a derivative 
at z 0 , then w has a differential at z 0 : 

dw = f(zo) Az. 

Thus “differentiability” and possession of a derivative are the same. 
Just as for real functions, the differential defines a linear approximation to 

the given function: 


w — Wo = f( z o)( 2 2 , j)‘ 

One can now prove that the basic functions. 

w = z n (n = 1,2,...) 


(9-50) 


have derivatives: 


dw 

dz 


— = 712 n—1 


(9-60) 


(9-61) 


One can also write 


dw = nz n ~ x dz 


(with dz replacing Az for the same reason as in ordinary calculus). 

The usual rules of calculus continue to hold: if w x and w-, are differen¬ 
tiable in D, then 


d (u>1 + W,) = dw, + dw„ d(w,w,) = m dw, + w, dw„ 


©- 


Wi dwi - Wx dw* , ^ ()) 


(9-62) 


«■’’t 


These are proved exactly as for real variables. There is also > 
function rule: if w, is a differentiable function of w, and w, is a d.ffe.en 
tiable function of z, then, wherever Wi[w x {z)\ is defined, 

(luh _ dw 2 die, (9-63) 

dz dwi dz 

The proof is like that of the chain rules in Section 2-7. 


PKOHLEMS 


1. Let the function u> = 2 m + 1 he given. Compute 

Ate f( z« + Az) — f(zo) 

Az Az 

for zo = t and the following choices of Az: 

(a) Az = 1, (b) Az = t, (<9 Az = ~L («>) Az = -*. 

Show the results graphically, plotting the points z„, *. + Az, «•„, tr 0 
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2. Proceed as in Problem 1, using w - f(z) — z 4 . 
that dw = 2i dz at z = i, so that w = 2i(z — i) — 1 
approximation to w = z 2 at z = i. 


Compare the results, noting 
= 2tz + 1 is the best linear 


3. Differentiate the complex functions: 



(b) tc = 



(c) w = (1 - z) 4 (z 2 + 

(d) “ - (rrr) 



4. Prove that dz n = nz n ~ l dz (n 



5. Prove the rules (9-62). 

6. Prove the rule (9-63). [Hint: write At c 2 = c? Aw x + feAtOi; divide both 
sides by A z and let A z approach 0.] 

7. Let a smooth curve C be given by equations 

x = x(t), y — i/(0» ^ ^ **. 


(a) Show that the complex number 

dx . . di/ dz Az + t Ay 

-1- i — = — = urn-—- 

dt dl dt At—’O A t 


represents a vector tangent to the curve. Note that this is a derivative of a complex 
function of a real variable t and not the derivative of a complex function of a complex 
variable, as in the preceding analysis. . . 

(b) Let t o = u + iv be a differentiable function of z in a domain containing C. 

Show that 



(Hint: proceed as in Prob. 6.) The equation in = defines a curve C':u = u(0» 

r = v(t) in the )/• plane which i< the image of C; thus, by (a), dw/dt defines a tangent 

vector to the image curve; ef. also Prob. 14 following Section 9-31. 

S. Let two lines forming angle a at (jo, tjo ) be given in parametric form: 

:«• = Jo + ad, y = ?/ 0 + bd; 

•r = Jo + aj, y = ij 0 + bj. 

(a) Show that, unless ro — «. — 0, the images of these lines under the trans- 
formntion w = r 2 arc two . ars i s intersecting at angle a. [Hint: find the tangent 
vectors to the curves complex numbers as in Prob. 7. Note that arg(z:/zi) 
defines the angle between two vectors represented by z\ and z?.] 

(b) Siiow that, for j 0 = ;/o = 0 the image curves arc two straight lines intersect¬ 
ing at angle 2a. 


9. l et. u* = f(z) have a derivative at z 0 . 

(a) ! t -+- As approach z ( . along i parallel to the x axis: Az = Aj, to conclude 
that 


c'r, i <>u . • dr 
J (Zo) — -7 b l — 

dx dx 


(b) T.et Zo 4- Az approach z,. along a parallel to the y axis: Az = tAy to conclude 
that 
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(c) Equate the results of (a) and (b) to conclude that 

du dv du _ dv 

dx dy dy dx 

These are the Cauchy-Rieniann equations. 

10. Let tv = Hz) have a derivative at z 0 . 

(a) Let z 0 + Az approach z„ along a line making angle a with the x axis. 

Az = As (cos a i sin a) — As • 

to conclude that . , . 

, du , .dv\ 

rw+ *sj’ 

where 

d Ji = V u d - = V a v 
ds “ ’ ds 

are the directional derivatives of u and v in the direction chosen 

(b) Letzo + Az approach z„as in part (a), with a replaced by a + Mum 

that _ . „ 

/'(*«) = e'*" “ 1 V a+\nU). 

(c) Equate the results of (a) and (b) to conclude that 

V a U = V a + \* V t 

that is, the directional derivative of u in direction a equals the directional derivative 
° f Ca^hUiomann equations of Prob. 0(e) as special cases of 

(<} (So Showfrom (cj’that,* if u and v are expressed in polar coordinates, then 


du _ 1 dv 1 du 
dr ~ r dO' r dO 


dv 

dr 


(r * 0). 


(Hint: take a = 0 and a = \ir + 0.] 


ANSWERS 

1. all part-.: 2i. 2. (a) 1 + 2f. (b) X. (0-1+2.', «D ■' 

3. (a) 5z* — Oz, (b)(l-.)-, (0 -in..) 

(d) 8(z - l)- 4 (z + l)-‘. 


9-10 Integrals, 
path in D: 


I.et w = /(z) be defined in a domain D and lot C bo a 


a: = x (t), y = 2/(0, a ^ t S b- 


(9-04) 


It will be assumed that x(l) and 2/(0 are continuous 
so that C is a piecewise smooth path (Section o 2). 
is defined as a line integral: 


and piecewise smooth, 
The complex integral 



/(z) dz = liin^A 2 *) A,z. 


(9 65) 
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The path C is assumed to have a 
definite direction, usually that of in¬ 
creasing t. The interval a ^ t ^ b 
is subdivided into n parts by t 0 = 
a ,... ,tn = b; z f = x(t,) -f iy(tj) and 
A Zj = Zj — Zj- 1 ; t* is a point of the 
jth subinterval and z * = x(<*) + 

This is suggested in Fig. 

9-10. The limit is taken as n be- „ „ ^ .... . 

comes infinite, while the maximum Fla ' 9 “ 10 ' Complex lme integral. 

of Ai<, . . . , A n t approaches 0. 

If one takes real and imaginary parts in the definition (9-65), one finds 

J f(z) dz = lim ^2 (u iv)( Ax + * Ay) 

c 

= lim {(a Ax — y Ay) -f ^ (v Ax + u Ay) J; 

that is, 



J f(z) dz — J (u-\-iv)(dx-\-i dy) = I (u dx — v dy)-\-i I (v dx-t-w dy). (9-66) 

c c c c 

The complex line integral is thus simply a combination of two real line in¬ 
tegrals. One can now apply all of the theory of Chapter 5. In particular, 
wc can assert at once: 


Theorem 17. If f(z) is continuous in D and C is piecewise smooth, then 
the integral (9-65) exists and 


c 


fm * = £(u £ -. f dt. 


dt 


dt) 


(9-67) 


The path C can be represented by means of one complex function of the 
real variable t: 

z = 2(0 = x(0 -f- iy(t), a ^ t ^ b. 

This is essentially the same as the vector representation of a path in Sec- 
lion 1-15. Such a complex function has a derivative 


= i im = *: + £ <tl 

dt Ai-o At dt dt 


(9-68) 


piovidod .r and y are differentiable. This derivative is a particular case 
of the vector derivative of Section 1-15; in general, dz/dt represents a 
' color tangent to the path (of. Prob. 7 following Section 9-9). 

We can also integrate a function z(t) = x(t) + iy(t): 


I. 


I. 


(0 dt = / [x(/) + iy(t)} dt 


l 


t> rb 

x(0 dt + i I y(t) dt. 


(9-69) 
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The usual properties of integrals continue to hold. In particular, 

b dz 


L 


dt 


dt = z(b) — z{a). 


(9-70) 


One can now write the formula (9-67) more concisely: 


! f(z)dz= L 


(9-67') 


Example 1. Let C be the path: x = 2t, y = Zt, 1 ^ t ^ 2. Let/(«) z 2 . 

Then 


Jz 2 dz = jf (2 1 + 3i/)*(2 + 3f) dt 

i 

*2 


= (2 + Zi) 1 j‘ i 1 dt = | (2 + 3«)’ = - 107J + 21i. 

Example 2. Let C be the circular path: x = cos t, // = sin /, 0 ^ ^ 2tt. 

This can be written more concisely thus: 2 = e u , 0 ^ t ^ 2tt. Also, 
cfz/dt - -sin t + i cos t = ie". Hence 


j Idz =J* W e -“(ie<') dt = /jf 


Further properties of complex integrals follow from those of real inte¬ 
grals : 

Theorem 18. Let f(z) and g(z) be continuous in a domain D. Let C be 
a piecewise smooth path in D. 7 hen 


f l/U) + 0(2)) dz = f f(z) dz + J 


dz. 


(9-71) 


Further, 


I 

c 


m?) 


‘i 

c 


f f(z) dz = J f(z) dz + J }{z) dz, 

c Cl Cl 


(9-72) 


(9-73) 


where C is composed of a path C, from z„ to 2, and a path C* /ram 2, to 2 
and 


I 

c* 


f(z) dz 


/ 


f(z) dz, 


(9-74) 


where C is obtained from C by reversing direction on C. 

Upper estimates for the absolute value of a complex integral are ob¬ 
tained by the following theorem. 
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Theorem 19. Let f(z) be continuous on C and let 




be the length of C. Then 


| J f(z) dz ^ I |/(z)| ds^M-L, 


(9-75) 


where |/(z)| ^ M on C. 

Proof. The line integral J"|/(z)| ds is defined as a limit: 

f \f(z)\ ds = lim]T \f(z*)\ AjS, 

J 

c 

where AjS is the length of the jth arc of C (Section 5-3). Now 

i/(*;) vi = i/( 2 ;)i • \Ajz\ i/( 2 ;)i • v, 

for V| represents the chord of the arc AjS. Hence 

v| s E i/tf) ^ E A / s - 

by repeated application of inequality (9-8). Passing to the limit we con¬ 
clude: 


Jmdz | £ j |/(z)| ds. 


This gives the first inequality. The second follows from the estimate for 
real integrals [Section 4-2, inequality (4-15)] or from the remark that 

E I/O* I a* s m Z v = ML - 

The number can lx* chosen as the maximum of the continuous function 
|/(r)| on C or as any larger number. 

Theorem 20. .1 uniformly convergent series of continuous functions can 

he inUgratid term by term; i-c., if the functions f n {z) are all continuous on C 


and J2f„(z) converges uniformly to f(z) on C, then 


n - 1 


Jf(z)dz =2 f fn(z) dz. 


(9-76) 


The proof of Theorem 32 in Section 6-14 can be repeated without change. 


PROBLEMS 


1. Evaluate the following integrals: 


0 i 


(s- + iy 3 ) (h on the straight line from 1 to »; 
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(b) 


/•!+< , . 

I (z i) dz on the parabola y — x~, 


*• - 

(c) <J) X dz on the circle \z\ = 1; 

c 


wj 


Z* + 1 


dz on the circle |z| = 2. 


of path in the z plane: f 

(a) Jz dz = J(x dx - y dy) + if(y dx + * dy), 0>) ft* dz, ( ) J • 
(d) f(l + i)(« + i) dz, (e) it* dz. 

du dv du = _ pv 
dx ~ dy dy dx 

These are the Cuuchy-Ricmann equations. 

Show that the Cauehy-Riemann equations of Prob. 3 hold if and on y i , 
u and v are expressed in polar coordinates r, U, 

du 1 dv 1 du _ _ dv (r ^ Q) (a) 




Or r 00 r dO dr 
[Hint: apply the chain rules of Section 2-7 to show that 

du du ft I du . g I = . . . , 

Or = ar C ° 8 ° + dy 8 "‘ r dO 

and similarly for v. From these four equations show that 

(du 1 dvY (\ pu drY = {du _ drV + fdu + M . 

\0r “ r 00/ + V 00 + dr ) ' 0x ° U ' '° U 

The assertion follows at once from this identity.] 

5. Use the results of Probs. 3 and 1 to show that 

have continuous second partial d< r , n linates (Section 2-13) to verify that 

(b) Use the 1 4 i place equation... polarcoonhnaU ^ T he origin 

ii«(r9 ami Im(r") are harmonic for n - 1, 2, ... • I 
must again be treated separately in rectangular coordinates.] 

7. (a) Evaluate , 


i 


dz 


on the circle 1*1 - «• . , , . ,,.v lrt () on cv ,.ry simple closed path not enclos- 

(h) Show that the integral of part (a) is U on evt .y i 

ing the origin or through the origin. 
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(c) Show that 



on every simple closed path not through the origin. 


ANSWERS 

1. (a) tV (-7 + i ), (b) 1 + 2i, (c) in, (d) 2*rt. 

7. (a) 2iri. 


9-11 Analytic functions. Cauchy-Riemann equations. A function 

w = /(z), defined in a domain D, is said to be an analytic function in D if w 
has a continuous derivative in D. Almost the entire theory of functions of 
a complex variable is confined to the study of such functions. Further¬ 
more, almost all functions used in the applications of mathematics to 
physical problems are analytic functions or are derived from such. As 
was pointed out in Section 9-1, the study of analytic functions is equivalent 
to the study of harmonic functions of x and y; this connection will be 
studied further below. 

It will be seen that possession of a continuous derivative implies posses¬ 
sion of a continuous second derivative, third derivative, . . . , and in fact 
convergence of the Taylor series 

SO o) + + /"(*.) +■■■ 


in a neighborhood of each z„ of D. One could thus define an analytic 
function as one so representable by Taylor series, and this definition is 
often used (Section 6-17). The two definitions are equivalent, for con¬ 
vergence of the Taylor series in a neighborhood of each z 0 implies con¬ 
tinuity of the derivatives of all orders. 

While it is possible to construct continuous functions of z which are 
not analytic (examples will be given below), it is impossible to construct a 
function/(z) possessing a derivative, but not a continuous one, in D. In 
other words, if/(z) has a derivative in D, the derivative is necessarily con¬ 
tinuous, so that f(z) is analytic. One could therefore define an analytic 
function as one merely possessing a derivative in domain D and this defini¬ 
tion is also often used. For a proof that existence of the derivative implies 
its continuity, one is referred to Volume I of the book of Knopp listed at 
the end of the chapter; see also Section 9-21. 


Theorem 21. If «> = «-}- iv = f(z) is analytic in D, then u and v have 
continuous first partial derivatives in D and satisfy the Cauchy-Riemann 
equations'. 


du _ civ du _ dv 
dx dy dy dx 


(9-77) 


in D. Furthermore, 
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dw su ..a»_ a» = *2 = (9-78) 

dz = te + l T*-3y + 'a* a* ^ d,J 

Proof. Lot 00 be a fixed point of D and let Aw = /(*» + **> “ /(z “ ) ' 
Since / is analytic, one has 

Aie = cAz + « 1 Ax, c = /'( 2u )’ 

in accordance with Theorem 16 (Section 9-9). If one writes (Fig. 9-11) 
Ate - Au + »A«, c = o + ». « = “ + A0 = Ar + i Ay, 

then this becomes 

Aw + i Au = (a + tb)(A* + * Ay) + («» + ^-.)(Ar + ? Ay). 

If one compares real and imaginary parts on left and right, one conclude, 
that 

Au = a Ax — b Ay + «i Ax — €2 Ay, 

Av = b Ax -f a Ay + «2 Ax + fi Ay. 

Since « approaches 0 as Ax ap¬ 
proaches 0 , one has 

lim ti = 0, lim <2 = 0. 
a *—0 4JZJ2 

Al /—0 &U —0 

Tims u and v have differentials 
(Section 2-6): 



Fig. 9-11 


du — a dx — b dy, dv-bdx + ady 


(9-79) 


and 


du 3c 

— = a = —» 

dx dy 


du = _ h = _ 2a 

dy dx 


(9-80) 


• • • 


Thus (9-77) follows. Further, 

d^ , • 2 V - 4 . ; 2 V = 

/'(*») = c = a + ib - dx + 1 dx dy dx 

__ ,• „ . /o-Tfc'i nrc‘ established. Since c = f (*u) 

by (9-80). Hence equations (9 / 8 ) • _ = and 6 = 

I^^CTlieom^lahove). 

liiemunn equations: 

du _ dv du _ _ dy 
dx~ dy’ dy dx 

hold in D, then f(z) is analytic in D. 
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Proof. Let z 0 = x 0 4- iyo be fixed as in the preceding proof. Then by 
the Fundamental Lemma of Section 2-6, u and v have differentials at (x 0 ,yo) • 

Aw = ^ Ax 4* ~ Ay + «i Ax + e 2 Ay, 
dx dy 

dv . . dv . * . . . 

Av = — Ax + — Ay + e 3 Ax + Ay, 
dx dy 

where «i, . . . , c 4 all approach 0 as (x, y) — * (x 0 , yo). If we write a = 
du/dx = dv/dy, b = — ( du/dy ) = dv/dx and add these equations, we find 

Aw = Am + i Av = (a + i'6)(Ax + i Ay) -f- (ci -f- ie 3 ) Ax 4- («2 + te<) Ay. 

Hence 

Am; = (a + ib){Ax 4~ i Ay) 4- c Az, 

where 

€ = («1 4“ —-1" («2 4“ *«<) — * 

Az Az 

If we show that e —> 0 as Az —> 0, then it follows that w is differentiable in 
D, hence by Theorem 16 (Section 9-9) that w has a derivative: 

dw ... du dv 

~r = a + ib = — 4-1— = 
dz dx dx 

Since du/dx and dv/dx are continuous, the derivative is continuous, so that 

w is analytic. 

To show that e —» 0 as A z —* 0, we remark that 


M — ! (*\ + i* 

N Ax . . Ay 

— -h («2 + — 

5= |«1 4" ttsl 

Ax 

4- 1<2 4- it)! 

Ay 

I 

Az Az 


Az 


Az 


= 4- «3| 4~ !«2 4- tci, ^ |fi| 4- tal 4- |<2| 4- tal, 

for, as Fig. 9-11 shows, 

I \-rl I \„l 

< 1 . 


Ax 

^ i, 

Ay 

Az 


Az 


Since <s, (z, u all approach 0 as (x, y) —* (x„, y 0 ), it follows that 


lim t = 0. 

=—To 


Thus the theorem is proved. 

The two theorems provide a perfect tost for analytieity: if/(z) is analytic, 
then the Cauchy-Riemann equations hold; if the Cauchy-Riemann equa¬ 
tions hold (and the derivatives concerned are continuous), then f(z) is 

analytic. 

h‘ marl:. I he proofs of 'I heorems 21 and 22 show that these theorems 
ran l)c restated as follows: /(z) has a derivative at z 0 if and only if u and v 
ha\\) differentials at z 0 and the Cauchy-Riemann equations hold at z 0 ; if 
/ (z) exists in D, then/'( 2 ) is continuous at z 0 if and only if du/dx, du/dy, 



9-111 


ANALYTIC FUNCTIONS. CAUCHY—RI EM ANN EQUATIONS 


513 


< >• - Another deduction of the Cauchy- 

dv/dx, dv/dy are continuous at '»• Anott Prob . 9 following 

Riemann equations from the existence ot / (z 0 ) is g 
Section 9-9. 

Example 1. ■ 2*»- Here 

U = X 2 - y\ v = 2x y- 

Thus 

du 0 dvdu _ 2 = _ 5" 

Tx = 2x = Tv’ ey 2y ox 


and ta is analytic for all z. 


Example 2. w = 


x 2 + y 


du 


V 


2 — 


X~ 


x 2 + I/ 2 

dv du 
du dy 


Here 


- 2xy 


dx ' (x 2 + y 2 ) 2 ^ + y2)i 

Hence w is analytic except for x 2 + !/ 2 = °> 1C ' for 2 = °* 
Examples. Here u = *, » = ~V and 


(9^ 

Ox 


Oii _ 1 
Ox 


dv = _ . du = o = — 


dy ' a*/ 

Thus w is not analytic in any domain. 

Example 4. «-*V + « **»**'• Hcrc 

0 ?/. 


Ox 


0?i 


„ — 9r 2 // — = 4x2/ 

= 2 XT/S - = ii’v. - 21 «> ax v 


dv 


ax - ay " °« 

The Cauchy-Ricmann equations give 

2xy 2 = 4x 2 {/, 2x 2 y = — 4 x 7 / 2 . 

These equations ‘equations' hold, ^licnce^no 

analytu- oL does not^^funct.ons ana.yt.c 

apparently in contradiction to t ie r ‘'™ u . 1 ^ a containing z., 

^h^^ ^^rSimHarly /(z) is ano^c a C only 

if f{z) is analytic in a domain containing C. 

«S3S5^fes«BK 

analytic. 
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This follows from Theorem 12 (Section 9-7) and Eqs. (9-62) and (9-63). 

Theorem 24. If w = u + iv is analytic in D, then the directional deriva¬ 
tive of u in direction ce equals the directional derivative of v in direction 
a -f- 2 7r: 

V a u = V a+lr/2) v. (9-81) 

Proof. The directional derivative of u in direction a (Fig. 9-12) is 
given by 



du , du 

— cos a + — sin a 
dx dy 


(Section 2-10). By the Cauchy-Riemann equations, this reduces to 


dv dv . 

— cos a -sin a 

dy dx 


dv ( . 7r\ ^£7 . / 7r\ 

= dx C ° S \ 2 ) dy Sm \ 2/ 


27 dy 

which is the directional derivative of v in direction a ■+■ %ir. 


y 




It should U' noted that the Cauchy-Riemann equations themselves corre¬ 
spond to the special eases a = 0 and a = ir/2. Thus the truth of the 
condition (9-81) for two choices of a differing by ir/2 implies the truth 
of this condition for all choices of a. From this fact one deduces the 
following rule: 


Theorem 25. If u and v have continuous partial derivatives in a domain D 
which docs not include z = 0 . then w = f{z) is analytic in D, if and only 
if, uht.n u and v arc expressed in polar coordinates r y 6, 



(9-82) 


and, win n these equations hold, 


dir 

d~ 



(9-83) 


Proof. Equations (9-82) express the conditions (9-81) for a = 0 and 
a ~ 0 + ' 7r (1-ig. 9-13); hence this condition holds for all directions, so 
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that » is analytic. To prove (9-83) we let « + Az approach . along the 
line 6 = const through 2 , as in Fig. 9 13, so that 

Aw Au + i Av 
A 2 = Are , — - Are* 

If for hCTe (9 - 81) 
becomes 


du 

dr 


f -0 

0 - a 


dv 

Hr 


r-0 

0 -a+’ 


For example, if w = 2 + 2 2 , then 

u = x + x*-y 2 = r cos 6 + r 2 (cos 2 0 
v = y + 2xy = r sin 0 + 2r 2 sin 0 cos 0. 


— sin 2 0), 


Hence 


^ = cos 0 + 2r(eos 2 0 - sin 2 0), 
dr 

— = sin 0 + 4r sin 0 cos 0, 
dr 


and 


du 

dr 


= cos a = — 


f-0 
0 -a 


di; 

dr 


f-0 

0 -a+' 


= sin 


(9-84) 


PROBLEMS 

1 . Verify that the following are analytic functions of z: 

(a) w = x 2 - y 1 - 2xy + »(** ~ 'f + 2x, ^> a11 z; 

x 3 + x./» + x + *(x»y + y 3 - _y), , * 0 : 

( 1 >) --FT y 2 

(c) w = e‘ = e* cos y + te x sin y, all z; .... 

(d) w = sin 2 cosh y + i cos 2 sinh y, all z (this is sin z ); 

(e) « = log r + », r > 0 , -*<<><* (this is one eho.ee of log »), 

(0 ie-v'1 -sTr «>»? + .• 'Tr sin ?. r > 0, -n<0<n. 

J 

2. Test for unalyticity: 

(a) w = x 1 + y 2 + 2ixy, 

(b) to = 2z - 3 y + *(32 + 2y ); 

*+_ty = cw0 + .wing. 

~z* + r r 

= I2 5 - y 7 l + 2 i ]2I/|. 


(c) 12 

(d) 12 
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3. Choose the real constants a, b, c, . . . so that the following functions become 
analytic: 

(a) w = x + ay + i(bx + cy); 

(b) w = x 2 + axy + by* + i(cx? + dry + y 2 ); 

(c) w = cos x cosh y + a cos x sinh y + t (6 sin x sinh y -J- sin x cosh y). 

% 

ANSWERS 

2 . (a) analytic nowhere, (b) analytic for all z, (c) analytic nowhere, 
(d) analytic in the 4 domains (x 2 — y*)xy > 0. 

3. (a) c = 1, a = —b; (b) a = 2, b =—l, c=— 1, d = 2; 

(c) a = — 1 , 6 = — 1 . 


9-12 Integrals of analytic functions. Cauchy integral theorem. The 
following theorem is fundamental for the theory of analytic functions: 


Theohem 26 (Cauchy integral theorem). If f(z) is analytic in a simply 
connected domain D, then 

y 



0 


c 

on every simple closed path C in D. 
Proof. One has, by (9-66) above: 



<j) u dx — v dy 


c 



v dx -f u dy. 


c 



Fig. 9-14. Cauchy integral theorem. 


I*he two real integrals arc equal to 0 (by Section 5-6), provided u and v 
have continuous derivatives in D and 


Su _ ov 6v _ Ou 

dy dx dy dx 

These are just the Caucliy-Riemann equations. Hence 

f(z) dz = 0 -f i • 0 = 0 . 
c 

Tins theorem can be stated in an equivalent form: 

Theorem 26a. If f{z) is analytic in the simply connected domain D, then 

Jf(z) dz 

is independent of the path in D. 
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If c is a path from zi to z 2 , one can now write 

If(z) dz = jf /(z) dz, 
c 

the integral being the same for all paths C from z, to a. 

T " a converse to the Cauchy integral theorem. 

Theorem 27. Letf(z) = a + * * continuous in D and let u and v have 
continuous partial derivatives in D. 1J 

(9-85) 


<J) /(z) dz = 0 


*1 every simple closed path C in D, then f(z) is analytic in D. 
Proof. The condition (9-85) implies that 

judx-vdy = 0, jvdx + v.dy = 0 

on all simple closed paths C. Hence, by Section 5-6, 

u dx-vdy = dU, vdx+udu = dV 


and 


dU = 

dlJ 

— » ft 

dV 

= v } 

dV 

= U 

dx 

U ' 0y 


dx 


dy 


du 

d*V 

dv 

du _ 

d*U 


dv 

dX 

dx dy 

W 

dy 

dx dy 


dx 


Thus the Cauchy-Ricmann uMhe^fsimption"!!^ u and v have 

This theorem can be proved «fern's theorem. For a 

-V^booh of Knopp listed at the end 

of the chapter. 


Theorem 28. ///(*) anal V tic in D ’ lhm 

j“f'(z) dz = /(*)| ( = /( z >) _ 

on every path in D from z t to z„ In particular, 

jf'(z)dz = 0 


(9-80) 


on every closed path in D. 
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Proof. By (9-78) above 


,(2) * = f (s +*' l) (rfI + ' dv) 


f(: 


* + fy dy ) + *L ( 


rzt 

= du -+- i dv = (m + iv) = /(zs) — /(zi)* 

A 21 

The second statement in the theorem is obtained by taking Z\ = z 2 . 

This rule is the basis for evaluation of simple integrals just as in ele¬ 
mentary calculus. Thus one has 

f l+1 . , z 3 ,+< (1 + f)* - t 3 _ 2 . 

/ ^ = 3 , - 3 - -3 + l - 


J l ~ ~ H 

In the first of these any path can be used, in the second, any path not 
through the origin. 

Theorem 29. If f(z) is analytic in D and D is simply connected, then 


?(2) “ [ 


f(z) dz (zi fixed in D) 


(9-87) 


is an indefinite integral of f(z ); i.e., F'(z) = f(z). Thus F(z) is itself 
analytic. 

Proof. Since /(z) is analytic in D and D is simply connected, 

jf/(*) dz 

is independent of the path and defines a function F which depends only 
on the upper limit z. One has further 


F = V + iV, 


where 


r = / u dr — v dy, 1' = / v dx + u dy, 

Jz\ Jn 

and both integrals are independent of path. By Theorem I of Section 5-6, 

dl r = u dx — vdy, dV = v dx -f- u dy, 

as in the proof of Theorem 27 above. Hence (' and V satisfy the Cauchy- 
Riemann equations, so that F — V -f- H is analytic and 
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discussed in Section 5 14. . > 

Theorem 30. EM C. »e « ***- £ ^ t "a tltnVA 

be continuous on C„. w yv 

z plane and let C 2 : 

2 = 2(0, 

be a path from Zi = z(M to z 2 = z (^) u>iw^- Q^trace cfonce in the 
As z traces C. once in the given direction, let w - QW 

given direction. Then 

dw 


[ V 'f(w) dw = f f\g(z)\ 

cj m c. 


dz 


dz. 


(9-88) 



u 


ast sk=' 

1» = 9(2(01, '| S t S h- 

Hence . rn ( { w 

f f(w) dw = J f[gW)]\ -jt dL 


Cw 

However, by Theorem 16, 

dw A Iwte 

ft - Sa-sr = JsU s + J * 

Hence 


die dz 
(It 


a .. f«.woii £f •*-/«■»£ 

C’izj 




by (9-67'). 

Example. To evaluate the integral 


i* -1... 
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we set w = e z and take as C z the line segment from 0 to 2iri. On this line 
segment w = e iv = cos y + i sin y; as y varies from 0 to 2 tt , w traces the 
circle |u;| = 1 once in the positive direction. Now e* is easily shown to be 
analytic [Prob. 1(c) following Section 9-11] and 


— e z — — (e* cos y) + i — (e* sin y) = e*(cos y -f- i sin y) = e*. 
dz ox ox 


Hence by (9-88) 



PROBLEMS 

1. Evaluate the following integrals: 

(a) <J) z 2 dz, where C is the square with vertices 1, t, —1, —t; 


r l i 

(b) / - dz on the circular arc: z = cos t -f- t sin t, 0 ^ t ^ 

2 2 

(c) ^ dz on the ellipse: x 2 + 2 ij 2 = 1; 


(<1) 


(z 2 — iz 2) dz on the line joining the points; 


£ 

(c) <j) ~'_Z \ ^ on the circle: |z| = 1; 

r< 3. 2 ) 

(0 / (x- — !/') dx — 2xy dtj on the straight line joining the points. 

Ji 1 . 1 > 

2. Evaluate with the aid of the indicated substitutions: 

N C 2 zdz 

J 7 +T u—z 2 + \ [Hint: show that as z traces the circle once in the 

Ui-2 

positive direction, w traces the circle |u> — 1| = 4 twice in the positive direction]; 

'i \ C ( ^Z 

yp) y> 2 * — i * w = z A — 1 . 


Ul - 2 


• * 

O 


Evaluate the following derivatives, the integrals being independent of path: 

(a) 


(c) 


(b) 


jf o (z 3 - ^ + 1) dz; 


(<D 


— f' 

ds iJo 

<*' A 


s 3 dz (see Section 4-12); 


(** + 1) Cb. 


4. Assuming Leibnitz s rule (Section 4-12) to be capable of generalization to 
the functions considered, evaluate the following derivatives: 
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(a) ± x z -±±dz (W 5* i); 

v dzi J z — zi 

i*i - 1 


ui -» 




integrals of /(z) are given 

ANSWERS 

1. (a) 0, (b) \«i, (c) 2 ri, (d) i(40 + 25i), ^ 00 0 (0 

2. (a) 4«, (b) 2tti. 3. (a) a?, (b) *i - * + >■ 

(d) 2z5 — zi + 2zi — 1. 


7 

3 


(c) 2*1, 


4. (a) j ^ * Cb) f (T^y. *• 
,*,-1 v 


9-14 Elementary analytic functions. It has been pointed out that the 
polynomials „ . „ 0 + a „ + . . . + o rf - 

are analytic for all *, as arc the rational functions 

a„ + a,z+j_• * 4- OnZ n 


U) = 


(9-90) 

+ biz + ‘ ’ * + i)mZ "‘ 
in any domain not containin B a cero of the denominator. The function 

w = e‘ = c z cos y + tV sin y J1; 


is also analytic for all z, since 


£-S’ e '*' ny d ' 

We now enlarge the list of elementary analytic functions by the follow- 
ing definitions: 

e il — e~ u 
sin z = - 


(9-92) 


cos z = 


sinli z = 


cosh z = 


2 i 

c u 4 . c -<* 
2 

e* — e _I 
2 _; 
e z + <r* 


(9-9:0 

(9-94) 

(9-95) 


The other trigonometric and hyperbolic functions can be defined in terms of 

these by the familiar formulas. u g (ana | y tic function of an 

Since e^er^tr* are al u n * b l s inh z, cosh z are analytic 

analytic function), we conclude that sin z, cos z, 

for all z. 
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If y = 0, e‘ reduces to the usual function e x of the real variable x. When 
x = 0, one has 

e iw = cos y + t sin y. 

If y is replaced by —y, one finds 

e~ iv = cos y — i sin y. 

If these equations are added, one finds 

e iu + e~ iy = 2 cos y, (9-96) 

and if they are subtracted, one finds 

e' v — e~ iu = 2 i sin y. (9-97) 

The equations (9-96) and (9-97) suggest the definitions (9-92) and (9-93) 
and show that they reduce to the familiar functions when z is real. Equa¬ 
tions (9-94) and (9-95) are precisely the usual definitions. 

Two basic theorems of more advanced theory are useful at this point. 
Proofs are given in Chapter IV of the book by Goursat listed at the end of 
the chapter. See also Section 9-38 and Prob. 1 following Section 9-39. 

Theorem A. Given a function f(x) of the real variable x, a ^ x ^ b, there 
is at most one analytic function F(z) which reduces to f{x) when z is real. 

Theorem B. If f(z), g(z), . . . are functions which are all analytic in a 
domain 1) which includes part of the real axis, and f{z), g(z), . . . satisfy an 
algebraic identity when z is real, then these functions satisfy the same 
identity for all z in D. 

Theorem A implies that the above definitions of e M , sin z, . . . are the only 
ones which yield analytic functions and agree with the definitions for real 
variables. 

Because of Theorem B, one can be sure that all familiar identities of 

trigonometry: 

sin-z + cos 2 2 =1, sin ( Jtt — z) = cos z, . . . (9-98) 

continue to hold for complex z. A general algebraic identity in/(z), g(z ),.. • 
is obtained by equating to zero a sum of terms of the form c(/(z)] m [fir(z)] n ..., 
where c is a constant and each exponent is a positive integer or 0. Thus, 
in the two examples given, one has 

~ 4- \g(z)]~ -1=0 [ f(z) = sin z, g(z) = cosz], 

/(-) ~ 0(z) = 0 [/(z) = sin (o7r — z), g{z) = cosz]. 

To prove identities such as the following: 

e=> . e‘* = e r,+I », (9-99) 

it may be necessary to apply Theorem B several times [see Probs. 2 and 3 

below]. 
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It should be remarked that, while e- is written as a power of e, it is best 
. tr think of it as such. Thus e 2 has only one value, not two as would a 
usual°complex^rooT To avoid confusion with the genera, power funetmn, 
to be defined below, one often writes 

e z = exp 2 


and refers to e* as the exponential f unct j on f J* (9 _ 95) . 

The following new identities follow from (9-92) . . • (J-W- 

sinh 12 = i sin 2 , cosh iz = cos 2 , (0-100) 

e ig = cos z + i sin z. 

hyperbohe identities. Thus 

cos 2 2 + sin 2 2 = 1 


becomes 


cosh 2 (iz) - sinh 2 (iz) = 1 


or, on replacing iz by z, 

cosh 2 2 — sinh 2 2 = 1 . 

To obtain the real and imaginary parts of sin z we use the identity 

sin (zi + Zi) = sin 21 cos 22 + cos 21 s ' n 221 ^ 

which holds, by the reasoning described above, for all complex *. and 
Hence 

sin (x + iy) = sin x cos 1 V + cos x s ‘ n iy ' 

From (9-100), with z replaced by iy, one has 

sinh y=-i sin iy, cosh y = cos iy. (9-102) 


Hence 


sin 2 


= sin x cosh y -4* i cos x sinh y 


Similarly one proves: 

cos 2 = cos x cosh y - i sin x sinh y. 

From (9-100) one has 

sinh 2 = i sin (-iz) = * sin (y - ix) 


(9-103) 


(9-104) 


Thus one finds 


sinh 2 = sinh x cos y + t cosh x sin y, 


(9-105) 


and similarly 


cosh 2 = cosh x cos y + i sinh x sin y. 


(9-100) 
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From (9-91) one finds that 

gi+2 ri — e* m (9—107) 

Thus the complex function e has a period of 2 in. Similarly, the^nctione"* 
has period 2 *i/n. This suggests using the complex exponential function 
as a basis for Fourier series. This is carried out in Section 7-17, where it 
is shown that every Fourier series can be written m terms of the functions 

Othe/properties of the functions are listed in the problems which follow. 


PROBLEMS 

1. Prove the following properties directly from the definitions of the functions: 

(a) e* 1+z * = c*' • e^; 

(b) (e') n = e"* (n = 1,2,---); 

(c) sin (zi + z*) = sin z t cos Za + cos Zi sin Zi 

^ 5 '- = ^ 

d d 

(e) — sinz = cosz, -r cos z = — sin z; 

(f) sin (z + 7r) = —sin z; 

(g) sin(-z) = —sin z, cos ( —z) = cos z. 


2. Prove the identity 

gT.+S, _ g*, . gS, 

by application of Theorem B. [Hint: let z 2 = x«, a fixed real number, Z\ z, & 
variable complex number. Then <•'+'* = c* • c x ’ is an identity connecting analytic 
functions which is known to be true for z real. Hence the identity is true for all 
complex z. Now proceed similarly with the identity: e* ,+ * = e*» • e*.] 


3. Prove the following identities by application of Theorem B (cf. Prob. 2): 

(a) sin (zi 4- zi) = sin z t cos z 2 + cos Zi sin z 2 ; 

(b) cos (z» + Z2) = cos z i cos z 2 — sin Z\ sin z 2 ; 

(c) c‘‘ = cos z + i sin z; 

(d) e 1 = cosh z + sinh z; 

(c) (t>') n = e ni (n = 1, 2, • • • ). 

4. Evaluate the following complex numbers: 


(a) 

(b) c 

(c) c* 

(d) d 


• 1 4*’r * 




xi 


(e) c-*" 

(f) sin (l + i) 

(g) cos(-t) 

(h) sinh (1 — i) 


5. (a) Prove that e' has no complex zeros; 

(b) Show that sin z has only real zeros; 

(c) Show that cos z has only real zeros; 

(d) Find all zeros of sinh z; 

(e) Find all zeros of cosh z. 


„ INVERSE FUNCTIONS 

9—15J 

6. Determine where the following functions are analytic (cf. Prob. 5): 

sinh 2 
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sin z 

(a) tan z = - 

v J cos z 

(e) 1 

cos z 

(b) cot 2 - . _ 

(f) ! 

1 

(c) sec 1 - cos , 

(g) 

(d) esc a = ^ 

(h) 


answers 

4. (a) —e, 0>) 

(c) t, 

1 

(f) l[( c + 1 J sinl+i V _ ‘. 

J cos 1 y 

(11) ’ [(. - ;) coa 1 - ( C + ' 

;) sin 1 J’ 


cosh 2 


sin 2 
2 
e‘ 

Z COS 2 

e‘ 


sin 2 + cos 2 


(d) -i, 


(e) - 0, 

(g) \ (‘ + 


5. (d) n7rt(n = U, — . , 

nr,.,lvtir except at the following points: (a) ^ + nn > 

6. The functions are analytic excel 0> 


(b) nir, (Ojrr + nv, W) <•> ^ ® °‘ 


(g) 0, 

■ *1 * ' 

W nir, vw .. ' ' n +2 

},r + nir, (h) ~U + " tere n “ °' ±1, * ' 

. Tf i/i = f(z) is defined in a domain D of the 

*9-16 Inverse functions. If funi . tion '' z = j(u>) assigning to 

2 plane, then there is an a.sso which f(z) = u». However, unless 

each w the value (or values) the function” g{w) is necessarily 

/(.) takes each value * at most once in D the 1 unc t ^ ^ ^ ^ ^ 

many-valued. For example, t ie im( ,s . j n fi0 neral two-valued, 

other than 0 there are two Jvin B all values of the in- 

While we shall be concerned w h formu^g - n thp ordina ,. y 

verse function, it is not pose' > aU their meaning if the value 

-e “SSSt STa J&ESS 

r„ fo ;: —* «—- ^ 

is defined as follows: 


z = \ r pc'* i , 0 < <t> < 2tt, p> 0, 

where P> <t> are polar coordinates in the to plane: 

w = pc*. 

Thus a branch is a single-valued [ 11 '^U ’l>c * 1 po^i 1 t7> U i! pr**”** 1 ' 1 the cwn f 

can »>e investigaUKl^ ^ra ’branches (perhaps infinitely many) each, 
pletc inverse function oy !> t - vua 
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of which is continuous and, except for special points (the “branch points”), 
analytic in a domain. In this way the multiple-valued inverse function 
is replaced by many single-valued f unct ions. 

The expression “f(z) is analytic'in domain D” will be used only whenf(z) 
is single-valued. A more general interpretation of the term “analytic 
function” is described in Section 9-38. 

This question has its counterpart for real variables. Thus y = arc sin x 
has infinitely many values for each x, as shown in Fig. 9-16. Individual 
branches 2 /i(x), y 2 (x), ... are specified in a natural way as follows: 



2 /i = arc sin x, 
?/ 2 = arc sin x, 
2/3 = arc sin x, 


br 


— fir ^ y ^ 


y 

y 

y 


fir, 

— 


These are shown in Fig. 9-16. It is 
clear that infinitely many of these 
completely represent the inverse 
function. Each branch is continu¬ 
ous. Moreover, each branch has 
a continuous derivative except at 
the end points x = +l. These 
points serve as branch points, at 
which the different branches come 
together. 

Another example from the theory 
of real variables which is even more 
instructive for complex variables is 
the function 0 = arg z as a function 
of x and y. This is represented in 
Fig. 9-17. The surface is generated 
by a line moving parallel to the xy 
plane; the line passes through the 0 
axis and through a helix about the 0 
axis. For each (x, y) other than 
(0, 0) infinitely many values of 0 are 
obtained, each two values differing by a multiple of 2*. The function can 
be built up of the following branches: 


01 = 0, 7r < 0 < 7r; 02 = 0, 0 < 0 < 2 tt; 9 s = 0, -2tt < 0 < 0;_ 

The interval in each case specifies both the value of the function and the 
part ot the xy plane in which it is defined. Thus 0i(x, y) is defined except 
for y = 0, .r ^ 0; 0_-(x, y ) is defined except for y — 0, x ^ 0. The branches 
are chosen here to overlap either for y > 0 or for y < 0; they could have 
been chosen to overlap only along single lines. Each branch is continu¬ 
ous and has continuous derivatives. 

In this example, there is no branch point like that of the preceding ex¬ 
ample. However, the origin (0, 0) is a common boundary point for all 
branches and would be termed a “logarithmic branch point.” 


16) 


THK FUNCTION LOO 2 



Kio. 0-17. 


0 = sir« (x + in)■ 


9-16 The function log z. The function , <■ is an analytic function 

of w. Its inverse; is tl.e logarithmic function ot x; that is, 

w = log?, if - = 

Hence 


ri: » = r“ +iP = • 

from which we conclude that 

u .. = o 4 - 2/<7r (a = 0 , .LI, L -• • • ■) 


r = c'% v 


Accordingly, 


= „ + in = log z - log r + 1(0 + 2«»> 


(0 IDS) 


( 0 - 100 ) 


(0- 1 10) 


or, more simply, 



where log !?j is the real logarithm of 
up to multiples ol 2ir. 


+ *arg?, 
and arg z 

I 


( 0 - 111 ) 

is, as usual, defined only 
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The complex logarithm is accordingly defined for each z other than 0 
and has infinitely many values for each z. A\'e first select one branch of 
this function: the principal value of log z, by the following definition: 

Log z = log r id, —tt < 6 < tt, r > 0. (9—112) 

This function is defined and continuous in the domain shown in Fig. 9-18. 
It is moreover an analytic function in the given domain, for 


and 



du _ \ _ \ Bv 1 du _ Q = _ 0v 
dr r r dd r dd dr 


Thus the Cauehy-Riemann equa¬ 
tions in polar coordinates are satis¬ 
fied and, by Theorem 25 above, the 
function is analytic. Furthermore, 
by (9-83), 


dw 

dz 


c-* 

1 _ 

re' 8 



(9-113) 



All values of log z can be obtained from branches as follows: 

/,(z) = Log z = log r + id, —ir<d<TT, r > 0; 

f j(z) = log z — log r + id, 0 < 0 < 2ir, r > 0; 

f 3 (z) = log z = log r -f- id, —2ir<d<0, r > 0; 

/i(z) = log z = log r + id, 7 t < d < 37 t, r > 0; 


Each of these functions is analytic in the domain chosen and satisfies the 
equation: 

d log z _ 1 
dz z 


It should also be noted that 

f s(z) = /;00 — 2«, fi(z) = Log z + 2*7,- 

These branches are chosen to have overlapping domains and to give to- 
gethcr all values of the inverse function. Their significance can be better 
understood by reference to the function arg z, which is the source of all the 
complications. This function was plotted in Section 9-15 and decom¬ 
posed into branches in precisely the same manner as that used here for 
log z. 

The choice of branches given here is arbitrary and they can be replaced 
by others in a great variety of ways. However, it should be noted that a 
branch of logz will be analytic in a domain only if that domain contains 
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no closed path C enclosing the origin; for 6 cannot 

continuous on such a path. In ranTof tog z can be defined 

Tn7 and z in D are obtained from this one branch 

formula 


log 2 


I, 


(9-114) 




I, 


‘^ = logz 
1 2 


= log \z\ - log 1 + *'(arg 2 - arg 1 ) 


i 


= log \z\ + i0> 

"l^'nThTpath" 1 7C"L S= by 


i 
1 * 1-1 


* = 2 ri, 
2 


Im 


fdx + i dy _ f -ydx + xdv . 

I 'WH J * 2 + 


since arg z increases by 2. on the path. The imaginary part of the integral 
j dz/z is given by 

d x + 

This real line integraUs discussed in Section 5-6 (Example 2) and similar 
results are obtained. 

a ._1, rft c-i z The general exponential 

9-17 The functions a', z a , sin z, cos z. J- 
function a 1 is now defined, for a ^ 0, by the equal 10 

a , _ e t io«a = exp (2 log a). 

Thus, for 2 = 0, a° = 1. Otherwise, 

log « = log M + * ar e a 

and one obtains many values: 

a- = explzllog |o| + W + 2 ^) 11 , ±'' ±2 ' ' 

where 0 denotes one choice of arg a. For example, 

(1 + «y - cxp[t|log V2 + >(5 + 2t '')}] 

= e -I-«-(cos log V2 + i sin log ^ 2 ). 
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If 2 is a positive integer n, a * reduces to a" and has only one value; the same 
holds for z = —n and one has 



(9-116) 


If 2 is a fraction p/q (in lowest terms), one finds that a* has q distinct values, 

which are the gth roots of a". . . . .. 

If a fixed choice of logo is made in (9-115), then a- is simply e , 

c = log a, and is hence an analytic function of 2 for all 2 . Each choice ot 

log a determines such a function. If the principal value Log a is used, one 

obtains the analytic function exp (2 Log a), called the principal value oi a . 

If a and 2 are interchanged in (9-115), one obtains the general power 

function: 

2 ° = c alogf . (9—117) 

If an analytic branch of log 2 is chosen as above, then this function be¬ 
comes an analytic function of an analytic function, and is hence analytic 
in the domain chosen. I 11 particular, the principal value of 2 ° is defined as 

the analytic function 

2° = C a Log : 


in terms of the principal value of log 2 . 
For example, if a = one has 

= £j(lo«r + t0) = 


rf 9 9\ 

= v r I cos - + 1 sin -1 


as in Section 9-3. If Log 2 is used, then v7 = /,( 2 ) becomes analytic in 
the domain of Fig. 9-18. A second analytic branch f?(z) in the same 
domain is obtained by requiring that -r < 0 < Sir. These are the only two 
analytic branches which can be obtained in this domain. It should be re¬ 
marked that these two branches are related by the equation 



For/” is obtained from .A by increasing 0 by 2ir, which replaces by 


-r'-x) = £Tt(>)lO = —£ 


Other branches of V: can be obtained as follows: 


/.,(*) =Vrc*«», 0 < 9 < 2tt 
/ 1 ( 2 ) = >/«?»» -2tt<0<O. 


These assign two values to each 2 other than the points of the positive real 
axis. We note that 


and that 


Uz) = -/.(*) 

/a(z) = ±fi(z), ft(z) = +/i(z) 


except cm the x axis. 
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The four branches described give together (with the durations indi¬ 
cated) all values of the .t/dot^i™ ofallfour branches and it is 

this point while retaining 

analyticity. However, if one makes the definition 

/,(o) = /a(o) = m = /<(°) = °> 

then all four branches remain continuous at the origin; that is, 

lim f(z) = 0 


2 — 0 


s£SSSSEStes=s*f- 

cosz. One then finds 


sin - * z = \ log \ iz ± v/l _2 ^’ 
cos - * z = \ h>g 12 ± *' v ’ 1 " 2 


(9-118) 


The proofs of these are left to the ox ^’^ eai*' 

SSi25 SSi aXtiaw. '«*■ «r —“■** «- T "“ 

will be studied in Section 9 31 below. 


PHOBKEMS 


(e) (1 + 0* 

(0 «' v * 

(g) Hill-' 1 

(If) cos-' 2 


1. Obtain all values: 

(a) log 2 

(b) log t 
(<•) log 0 — t) 

(d) i‘ 

2. Prove the formulas (9-118). 

4. Prove the following identities in 
of the multiple-valued fur.ct.ons eo.uer.id, the < Motion 

choice of the variables: 

(a) log («, • = log z. + l‘»g * (*• * °- 22 * 0) 

(b) c*°“* = z (z * 0) 

(c) log «* = Z 

(d) logZfO _ z,logZi (*» ^ 



532 


FUNCTIONS OF A COMPLEX VARIABLE (CHAP. 9 

5. Determine all analytic branches of the multiple-valued functions in the do- 
mains given: 

(a) log z, x < 0; (b)^z, x > 0. 

6. Prove that, for the analytic function z* (principal value), 

d a 

— z° = - z° = az a_1 . 
dz z 

7. Plot the functions u = Re(Vz) and v = Im(Vz) as functions of x and y and 
show the four branches described in the text. 


1. (a) 0.693 + 2niri, 


ANSWERS 
(b) i(hir + 2njr), 


(c) 0.347 + i(^-7T + 2n7r), 


(d) exp( — - 2n7r), (e) < /r 2 exp Q vi + —^ t)> 

(f) exp + 2v / 2?i7ri^» (g) 2n;r, (h) 2 nir + 1.317 1 . The range 

of n is 0, ±1, ±2, . . . except in (e), where it is 0, 1, 2. 


3 . (a) and (b) nir and + nic, (n = 0 , ± 1 , ± 2 ,. . . ). 

5 . (a) log r + id, + 2mr < 0 < -§7r + 2n7r, n = 0 , ilj i2, • • • ! 

(b) exp — — + 2 mtt < 0 < - + 2mtt, n = 0, 1, 2. 


9-18 Power series as analytic functions. We now proceed to enlarge 
the class of specific analytic functions still further by showing that every 

power series 

Div 

X 

^2 Cn(2 - 2o) n = Co + Cl (z — So) 

r. - 0 

+ • • • + c„(z - Zo) n + • • • 

converging for some values of z other 
than z — z 0 represents an analytic 
function. 

Power series are studied in 
Chapter 6. with emphasis on real 
variables. However, the funda¬ 
mental theorem, Theorem 35 (Sec¬ 
tion 0 15), carries over to complex 
variables with but one change: the interval of convergence is replaced by a 
circular domain of convergence, as shown in Fig. 9-19. Because of its im¬ 
portance, we restate the theorem in full (with slight changes in notation): 

Theorem 31. Every power series 

ao 

5 Z c "( 2 - 



Fio. 9-19. Circle of convergence of a 
power series. 
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ha. a radius of convergence r* such that the series converges absolutely when 

I* - *d < r *' a "? *'T*o“Kn which series converges only for 

2 tahich case the senes converges for 

all z). . n r, < r* //fc/i t/ic scries converges 

If r* is not 0 and n is suc/i </*a« 0 < r t < r , 

uniformly for |z — Zo\ = r »- . „ 

The number r* can be evaluated as follows. 


r* = lim 

n-*x 

r* = lim 


a 


Cn+ 1 

1 


v / |c„| 

and in any case by the formula 


, if the limit exists, 
, if the limit exists, 


( 9 - 110 ) 


r* = 


1 


(9-120) 




n— 


without change. ,.. in i, 0 made about con- 

As for real variables, no general 8taU nmt can i joiin< i ury 

vergcnce on the boundary of the om.u termw i the circle of con- 

'-azzis —.»»»■ - •..... 

of this circle. 




Example 1. YrX Formula (9-119) gives 




r* = lim 




= 1. 


111,1 / . 1 \2 

n-no (W T * / 

K=iss: astss=E3.!a.’. 

Example 2. j>. This complex geometric series converges for M < 1. 

as (9-119) shows. One has further 

y 2 - = -1— (Ui < i), 

Z—/ 1—2 

v • « *s,„or On the circle of convergence, the senes diverges 

as shown in Section 9-8. »n mein 
everywhere, since the nth term fails to convert 

Example 3. £ 2 -- Again formula (9-119) gives the radius: r* = 1. On 
the circle \z\ = \, the series is not absolutely convergent, for tin 
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absolute values is the divergent series 2(l/«). However, on this circle 
2 = cos 9 + i sin 9 and 


z n xA (cos 6+ i sin 9) n _ ST 

n — I 7 n - l 


cos nO - sin n9 


n 


n - 1 


n 


+«t: 


n - 1 


11 


The two real series are Fourier series. The imaginary part is the Fourier 
series of *F(0), where F(x) is the jump function studied in Section / J. 

Hence 

6 -7T ^ 9 < 0 


A sin n9 

n 


K 

2 ~~ 2 
9 


0 < 9 ^ it 


2 2 ’ 

and for 9 = 0 the scries converges to 0. The real part is the series 

A cos ri9 

s » 

This clearly diverges when 9 = 0. The series is the Fourier series of the 
function 

1 \ 0 „ -_- 

2 ° 2 - 2 cos 9 

and C an he shown to converge to this function except for 6 = 0, where the 
function becomes infinite [see K. Knopp, Infinite Series, page 402 and 
page 420 (London: Blackie, 192811- Hence the series 2(z*/n) converges 
Un ?\ Z \ < 1 except for z = 1. It will later he seen that this series is the 
Taylor series of Log 11/(1 — s)] and that 


Log 


1 - s 


± z \ !-! ^ i. 

ri •• 


Th< third example reveals how delicate the investigation of the series 
uti the circle »>f convergence can he. It also shows the close relationship 
between this problem and that of Fourier series. 

Tm orem 3*2. A power series with nonzero convergence radius represents 
a continuous junction within the circle of convergence. 

The proof of Theorem 36. Section 6-15, can he repeated. If the series 
converge* at a point z — Ci of the circle of convergence | z — Zo\ = r*, then 
the sum l\z) of the series is continuous in a certain sense at Z\. one has 

r 

lim/(z„ + re w ) = f(z 0 -f rV*) = /(z.) 


T —• I 


as illustrated in Fig. 9-19. Thus lim/(z) = f{z x ) as z approaches z x along 
a radius; one can even permit .r to approach z x along an arbitrary smooth 
path C which is not tangent to the circle at z x . This result is Abels 
iheart m, as extended by Stolz. For a proof one is referred to page 406 of 
the book by Knopp cited above. 
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Theorem 33. .4 power series can be integrated term-by-tcnn within the 

circle of convergence: that is, if r* 7* 0 and 

f{z) ='%2c n (z - 2o) n , 1* - 2 *1 < r *> 

n “ O 

then, for every pall, C inside the circle of convergence, 

__ x /_ - \n + l 

ri\ x f fc2 ' 

f fw*-£'-J (2 - z “ ) " rf2= S f " » + i 

Jzi n “ 0 •'** 


• 2 


*1 


f 


or in terms of indefinite integrals, 
f(z)dz = £> 


1- 


(z - Zo) n+ _‘ _|_ cons t, 1 2 - Cm I < r*. 


n - 0 


« + 1 


Proo/. As in the proof of Theorem h.w^'rrsimT each 

^ - independent of path, so that 


/; 


f(z) dz 


is independent of path. Hence 


f f(z) dz = F(z) 
Jzo 


„ , _ . f | _ | ^ A# in the proof of Theorem 20 above 

is well-defined for |z ‘"1 < • _ _ ( ) J lhal /••(,) i s an indefinite 
(Section 9-12), we reason Jluit M«) - A- in( / rfini|c inl , a „f 

« ™->«■ N - 


F(z) = / /( 2 )' /z = 2>" ' ,■ 


- z„) ,l+l 

+ 1 


by term-by-term integration of .be aeries. Hence the theorem is prove,1. 

Theorem 34. A power series can be differentiated tenn-byterm; Hod is, 
if r * () uiul 


then 


f(z) = ejz - zo)", Iz ~ 2 "' < r * 

n -0 

f(z) =£ »C,.(z - Zn)-’, ! 2 - 2 "l < r *’ 


n - l 
/ 


f"(z) = £ «(« - 1 K«(z - 2 «>" 2 * ' 2 _ 2o1 < r * 

n ~ 2 

Hence- every power series with nonzero convergence radios defines an 
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analytic function f(z) within the circle of convergence, and the power series 
is the Taylor series of f{z): 

_ f (n Hzo) 

Cn n\ 

Proof. As in the proof of Theorem 38 in Section 6-15, we conclude that 
the differentiated series has the same radius of convergence. Let its sum 

he g(z ): 

g(z) ='£ j nc n z n ~\ 

n — 1 

Then by Theorem 33 an indefinite integral of g(z) is precisely the sum of 
the series for f(z) ; that is, 

/'GO = !7(0 =2 

n - 1 

One can now differentiate as many times as desired. In general, 

/<->( 2 ) = n !c n + (n + l)w(n - 1) • • • 2c n+ i(z - *o) 

+ (n -f 2)(n + 1) • • • 3 c„ t2 (z - zo) 2 d-• 

On setting 2 = z 0 , we find: n\c n = / (n) (zu), so that the series is the Taylor 


senes: 


/oo =X]/ (n) (zo) (z - • 

r - 0 7i • 


r 1 IE OREM 35. // fu’o power series 

^ ^ 2 v C n (z *•()) 

. — A 


71-0 


n - 0 


't *— v/ w 

A.rrr nonzero convergence radii and have equal sums wherever both senes 
conn rye, then the series arc identical: that is, 

c,. — C 11 — 0 , 1 , 2 , ... . 

T’ne proof D the same as for Theorem 40 in Section 6-16. 


PROBLEMS 


l Determine the radius of convergence for each of the following series: 

go 2 (o 2 2 "G - a- 

n « 1 U » - 0 

(»>) 22 < a > 2 - ^ 


n - 1 


2. Show that the series of Prob. 1(a) converges absolutely for all z on the circle 
of convergence, while the series of Prob. 1(b) diverges everywhere on the circle of 


con vci genre. 

Write the real and imaginary parts of the scries of Prob. 1(a) for \z\ = 1 as 

Fourier series. 


m0! cauchy’s theohem fob mult.ply connected dommns 
4. (a) Solve the differential equation 


537 


dw n 

- w = 0 

dz 


00 


by setting w 


= ^c„z n 


and determining the coefficients c B so that the equation is 


n - 0 


satisfied. . , „ 

(b) Solve the differential equation 


_ _ (02"- - 22) ^ + (02 - 2)U> = 0. 

’ (lz- dz 


(2Z 3 


answers 

1. (a) 1, (b) 1, (c) ( d ) co * 

"cos nd ^ sin n6 
) 

n 


3. £ 


ft-1 


rr 


sin n d 
n 3 ' 

n- 1 


• ), (b) w = C\Z 4* Cjfz 3 2 ') 


4. (a) to = co(l + 2 + ‘ - ' + n! + ‘ ' 

^ /(z) t/z = 0 

i n n Thus if /> is the doubly connected 

on every simple closed path • shown, then the integral around ( 

--»■— - in "- 

that is, the integral has the same value on 

inner “hole” once in the positive direction. 1 or a ini > 

as in Fig. 9-21, one obtains the eciuation. 




Fia. 9-20. Cauchy theorem for doubly 
connected domain. 


F,a. 9-21. Cauchy theorem for triply 
connected domain. 
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Ci C - 

This can be written in the form 
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j f(z ) dz = jm dz + jf(z) dz. 
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<£ f(z) dz + fm dz + $f(z) dz = 0; 
a a c ‘ 


(9-122') 


this states that the integral around the «r»pW. 1joundao- <*: * certain 
region in D is equal to 0. More generally, as in Section 5 7, one nas 

following theorem: 

Theorem 36 ( Cauchy’s theorem for multiply connected domains). Let f(z) 

« domain D and let C„ • • • , C n be » simple 
D which together form the boundary B of a region R contained in D. Ihen 


/ 


/(z) dz = 0, 


where the direction of integration on B U such that the older normal is 90“ 
behind the tangent vector in the direction <f integration. 

9-20 Cauchy’s integral formula. Now let D be a simply connected 
domain and let z 0 be a fixed point of D. If f(z) is analytic m D, the func¬ 
tion 

/(O 

z — Z o 

will fail to be analytic at z 0 . Hence 

/(O 


i 

c 


z — Z 0 


dz 


Will in general not be 0 on a path C enclosing z 0 . However, as above, this 
integral will have the same value on all paths C about z 0 . To determme 
this"valu<». we reason that, if C is a very small circle of radius R about z 0 , 
then /(z„) has, by continuity, approximately the constant value/(z 0 ) <> n the 
path. This suggests that 

<£ -M- dz - /(*„) = /(*») • 2«, 

J Z — Z 0 } Z — Z o 

r u-sol-Jt 


since one finds 


f _d l _ = rwi (w=i r d 6 = 2ri, 

T z - z 0 J„ Re* Jo 


with the aid of the substitution: z - z 0 = Re". The correctness of the 
conclusion reached is the content of the following fundamental result: 



9-201 


- OQ 

c vuchy’s integral formula ' 

rss s fsx ssss* 

let z o 6c inside C. 1 hen 

/(*)_ dz (9-123) 

Zo 


2ttj / 2 - Zo 





<£^ rf2 = f -&V*- 

JZ-Z 0 2 2 ° 

It remains to show that the integral 
on the right is indeed /(z«.) * ~ 7r '- 
Now, since/(2u) = const, 

jr=T/> =^ i r-Vo 

= /(zo) • 2nt, 

, • i u , | _ /,* Hence, on the same 

where we integrate always on the eir< < I 
path, 

J z — Zu 

. .» „„,i f( 2 ) is continuous at z o, !/« = » 

Now |z — 2 n| = It <>n P al ^ 1 ft i ' > o Hence, hy Theorem 19, 

/M < . for R <i, for each preassigned < > 0. IKmc, 5 

JW - fM 

z — Z.J 


I# 


< f • 2irli = 2tt«. 

It 


Thus the absolute value of the integnd can ’ M * the suine'value for all 

choosing It sufficiently small. Hut »e m * g * •j f al , lf Hence 

choices of It. This is possible o 1 

the left side of (9-124) is 0 and (• * . j(. ( . x .„esses the values 

The integral formula (0-liB> ™ C in ,1 of (ho vahu, 

of the function/(z) at points z» in. 2 ■ f{ c ' 0 then (9-123) 

along C alone. If C is taken as a circle. 2 - Zo -f 

rcduces to the following: 

/(2o) = hi f{z, ‘ + Rc<<>)Je () l t) 

Thus (cf. Section 4-2) the valueit^n^reLc. 

circle, equals the average (anthvutu tin ; f'.mchv integral formula 

Just as with the Cauchy integral theon-m th, C . 1> » £ of 

can \m extended to multiply connected domains. Lndu M 

Theorem 30, one finds 
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functions of a complex variable 

dz = 4-r <f^Rdz + §^-<1* + 


-hi 


[chap. 9 

, (9-126) 


U . an c„ PO The i ^r^ft e i^ran esereilfd’rob! eMowffollowing 
Section 9-21) 

9-21 Power series expansion of general analytic function. In Section 

wl can^sLw tfiaTo""^ circular domain D 0 in D, there is a poiver senes 
con verging'in D 0 ivhose sum is f(z) . Thus several (perhaps infinitely many) 
power series are needed to represent /(z) throughout all of D. 

Thvorem 38 Let /0) be analytic in the domain D. Let zo be in D and 
Jet R be the radius of the largest circle with center at z 0 and having its intcrw 

in 1). Then there is a power series 


£ c„o - zo) 


n 


n - 0 


which converges to f(z) for |* - *„| < R. Furthermore, 

c . ) __L J 

«! 2 rriJ(z-z 

* • 


Zo) 


k ri -4 1 


dz, 


(9-127) 


n-hert C is a simple closed path in D enclosing z 0 and within which /(z) * s 

analytic. 

Proof. For simplicity we take z„ = 0. The general ease can then be 
oli,airud hv the substitution: z' = z - z 0 . Let the circle \z\ R be the 
largest circle with center at the origin and having its interior within , 
the radius R is then positive or -+- ® (in which ease D is the whole z plane;, 
i t t ~i he a point within this circle, 
so that !z,! < R. Choose R- so that 
ir, < R, < R see Fig. 9-23. Then 
fiz) is analytic in a domain includ¬ 
ing the circle !z| = R> phis in¬ 

terior. Hence, bv the Cauchy 
integral formula: 


A=l) _ JL.tf J55L*. 

J ' 2iri J z — Z\ 



Now the factor l/(z - z,) can be Fro. 9-23. Taylor series of an analytic 
expanded in a geometric scries: function. 
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2_ » _L_-i (l + 5 
-* -(-*) 21 2 


+ 


• • 


+ '+ 
2 " 


a a 


■) 


a a a 


The series can be considered as a power scries in powers of 1 /*, for 
it converges for |z,/z| < 1 and converges uniformly for |z,/z| S W/* < >' 

If one multiplies by /(z), one finds 

J(£L = M + Zl M + --- + zjfg+---i 

2 — 2l 2 2 

. . r i t _ n flip series remains uniformly con\ ergent 

r t"° 34 S ,n r S«rion S-14.' One can hence integrate term-by- 

term on C 2 (Theorem 20, Section 9-10): 

2 irijz-zx 2m J z 2irl c -r 

The'left-hand side is precisely /(z.), by the integral formula. Hence 

* 1 C f(z) , 

/(z») =S C '* 2 "’ C " _ 2 W / 2 ,l+l 

n - 0 Ci 

,ii , .»c flpsrribcd in the theorem, 

The path C 2 can be replaced by any path C a. 

since 

M 

z n +1 

is analytic in D except for z = Zo = °j T i r scr j cs 0 f / so that 

By Theorem 34, the series obtained is the 1 a>lor j, 

/ <n, (z„) 

— * -- i 


Cn = 


2U = 0. 


nl 


The theorem is now completely pro\ed. , • Vipst of all, not only 

The consequences of this by !><>''- 

docs it guarantee that every anai>t function within each 

series but it ensures that the series centra to the urn on 

circular domain within the domain ... which ,< fun. turn W« 

without further analysis, wc at once conclude that 


c J = 1 + Z + 2 ! +••• + „! + 


,2 n + 1 


Bin 2 - z - + * ‘ * + (- 1)n+ ’ (2n + D1 


+ 


COS 2 = 1 — + 


21 \^ n ) 1 

for all z. A variety of other familiar expansions arc obtained in the same 
way. 
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It should be recalled that a function f(z) is defined to be analytic in a 
domain D i ff(z) has a continuous derivative/'(z) in D (Section 9-11 above). 
By Theorem 38, f(z ) must have derivatives of all orders at every point of 
D. In particular, the derivative of an analytic function is itself analytic: 

Theorem 39. If f(z) is analytic in domain D, then f'(z), f"(z), . . ., 
/ (n) (z), . . . exist and are analytic in D. Furthermore, for each n 

™ (9 ~ 128) 

C 

where C is any simple closed path in D enclosing z 0 and within which 
f(z) is analytic. 


Equation (9-128) is a restatement of (9-127). 

As pointed out in Section 9-11, one could define analyticity merely by 
requiring existence of f’{z) and not its continuity. Cauchy’s integral 
theorem and its consequence, the integral formula, can be proved without 
use of continuity of the derivative, so that Theorem 39 also holds. In 
other words, existence of the derivative of f(z) is enough to guarantee con¬ 
tinuity of /'(z), f"(z), . . . and convergence of the Taylor series. For 
details, see ^ olume I of the book of Knopp listed at the end of the chapter. 

If in the proof of 'I hcorem 38 one expands l/(z — Zi) not in an infinite 
geometric series but in the finite series: 


1 


z 





z? + 1 - 

Z\Z - 2l)- 


and proceeds as before, one concludes that 


where 


/O*) = m + *,/'(0) + ••• + *? + Rnt 

n! 


(9-129) 


It 


2iri J 


f(z) 


- n+1 


Ci 


(z - Zi) 


dz. 


(9-130) 


This is another form of Taylor’s Formula with Remainder (Section 6-17). 
ll the senes has center z o, one obtains the general formulae 

= f(z 0 ) + (zi — Zo)f\Zo) + ••• + (*!— Zo) n 

(’i - zo)"^ r _ 


+ 


a! 
f(z) 


(9-131) 


2iri 


c• 


(Z — Z 0 ) n+1 (2 ~ Zl ) 


dz. 


The P ath (> v: an be ro P la °ed by any simple closed path in D enclosing z 0 and 
z,, within which/(z) is analytic. 

Circle of convergence of the Taylor series. Theorem 38 guarantees con- 
\ ergence of the I ay lor series of /(z) about each z 0 in D in the largest cir- 
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cular domain |z — £o| < R i n as 
shown in Fig. 9-23. However, this 
does not mean that R is the radius 
of convergence r* ot the series, for r 
can be larger than R , as suggested in 
Fig. 9-24. When this happens, the 
function /(z) can be prolonged into a 
larger domain, while retaining ana- 
lyticity. For example, if f(z) = 

rsi. : '»• -»—• 

-s/i™ ».. -*» 

continuation. It is discussed further in Section J 38. 



Fig. 9-24. Analytic continuation. 


PROBLEMS 

1. Evaluate with the aid ot the Cauchy integral formula: 
( a ) -L <£ —dz on the circle: \z - 2\ = 1; 

K } 2 t ri J z - 2 


z- 4- 4 


dz on the circle: |zl - 1; 


< b > h j 

( c \ _L dz on the circle: |z| = 4; 

1 ' 2iri J z 


mm fl V y ^ 

£ ^ 1 ^_ ?—dz on the circle: \z\ =4; 

( e ) —- dz on the circle: (zl =2; 

^ (*’ + O' 


3 

dz on the circle: |z| = 
l)(z i + 4) 1 


2. (a) Compare the value of the function£for r = 0 with 'he average 

values for z = l,z = i,z- — i,z «• 

(b) Show tliat, if w = f(z) = z-. then 

f(z„ + A rt 4- ««. + « *) + 

f(zo) — 4 

for every z 0 and every A*. Interpret in term- of (9-125). U the formula correct 
for v) = z y ! for w = z*! 


3. It can be shown that the integral 


ij> s 


sec z dz 


ia equal to — 2iri if C in a circle of ‘the 

4- 2nir (n = 0. + 1, . . . ) and is equal to Jtti u l uh ' - 

ij 7 r + 2mr. Evaluate this integral for the following <• ° ' _ 4 

,») M - (b) 1.1 - 2, <«) 1*1 - to. <'» !• - :21 - *' 
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Describe a path on which the integral has the value 10ir». 

4. Evaluate by (9-128): 


(a) <J) - dz on the circle: \z\ = 1; 

(b) u> , Sin , Z — dz on the circle: \z\ 
J (z — ztt)- 

(c) <^> - dz on the circle: \z\ = 1; 

(d) d> ——--t dz on the circle: \z\ 

J z 2 (z - 3) 




5. Expand in a Taylor series about the point indicated; determine the radius 
of convergence r* and the radius R of the largest circle within which the series con¬ 
verges to the function: 


(a) e* about 2=1 


(c) --- about z = 1 


(1)) - about 2=1 
2 



—-— about 2 = 1 

2(2 - 2 ) 


(e) Dig 2 about z = — 1 + t; 

(f) Vz = v r cxp(.jt0), 0 < 0 < 2tt, about z = 1 + t; 

(g) f(z) = I 2 ! < h about 2 = 0. 

i*il -1 


0. Prove (9-120) under the hypotheses stated in Theorem 36. 

7. Prove Cauchy's inequalities: 

l/ < ”’(Zo)l (n - 0, 1, ... ), 

if f(z) is analytic in a domain including the region |z — z 0 l ^ R and M is the maxi¬ 
mum of 7 '(z)| on the circle \z — z 0 ] = R. [Hint: take C to be the circle |z — Zo\ = R 
in (9-128) and estimate the integral as in the proof of the Cauchy integral formula.) 

S. A function f(z) which is analytic in the whole z plane is termed an entire 
function or an integral function. Examples are polynomials, e‘, sin z, cos z. Prove 
Lionvilie's Theorem: If f(z) is an entire function and l/(z)| ^ M for all z, where 21/ is 
constant, then J\z) reduces to a constant. [Hint: take n = 1 in the Cauchy in¬ 
equalities of Prob. 7, to show that/'(zo) = 0 for every z 0 .) 


ANSWERS 

1. (a) e, (b) 4, (c) 0. (d) C>7rf, (e) 0, (f) 0. 

2. (a) average is 1.04. 3. (a) 0, (h) 0, (c) 0, (d) 2iri. 

». (a) f.i 77f, (,!>) 6, (c) 0, (d) — f, 7 ti. 

e(z - l) n 


r> - oo £ 


R = r * = o= ; 


(b) Z] (-!)"(* ~ 1)", R 


71 ~ t> 


n - O 


(«•) ~Y1 ( z - d-, 


X 

(d) - (z - l) in , 


n 0 


n - O 



R = r* = 1; 


R = r* = 1; 



9-22J 


POISSON INTEGRAL FORMULA 

" ( z -M - *)" . R = 1, 
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3 v- /l + 

(e) log v2 4- - iri 2-j\ 2 / 

x ^ (i 

(f) exp (' + 1_ T U ” 1 ~ ° S ~ 

R = \, r* =a / 2; (g) 2iri, R = ^> r * = 00 ‘ 


r* =V2; 


- 1 )» • 1 • 3 • 5 • • • (2n 


-3) 


4"n! 


(2 — 1 


- 0 "]. 


9-29, Properties of real and ^aginmj “ <'n "'i 

Ibt^adTp <“ of "»> '*»«*>“ ° f r0; “ VUria,, ' eS: 

U = u(x, y) = Re(/(z)l, v = r(r, y) = Inr»l/U)]- 

The analytieitv of /(*) was seen imply existence and continuity of 
derivatives of all orders for f{z). ®»nc ( 

3« , • dv _ dv _ . du 

/'W-S + t 5" a v 'ay 


a*u , .a* = J5l _ J*iL 

/ ; ( 2 ) — dx 2 ' * dx* dy dx ^ 


= • • * f 


and so on, one eoneludes that « end . An., conliauou, partial Natives of all 
°”now the Cauchy-Ricmann equations: 


du _ dv du 
dx dy 0, j 

can be differentiated to give 

d*u = J^L, 

dx 2 Ox dy ’ dy- 


dV 

Ox 


(9-132) 


d 2 v 


dy dx 


Adding these, we find 


4- ^ = 0, 
dx 2 dy 1 


(9-133) 


since 


Similarly one proves: 


d 2 v 


d 7 v 


dx dy dy dx 


,n o*v _ 0 

dx * dy 2 


(9-134) 


Thkouem 40. Tim roal Z 

& -=i»uwi »* '' ar " w " ,c in /j - 
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If u and v are harmonic functions related by (9-132) in a domain, then 
v is said to be a “harmonic conjugate” of u in this domain and one terms 
the pair u, v a pair of conjugate harmonic functions. 1 hus the real and 
imaginary parts of an analytic function form a pair of conjugate harmonic 
functions. Conversely, by Theorem 22 (Section 9-11), if u, v form a pair 
of conjugate harmonic functions, then they can be interpreted as the real 
and imaginary parts of an analytic function u + iv = f(z). 

It should be noted that the Cauchy-Ricmann equations are not sym¬ 
metrical, so that, while v is conjugate to u, u is conjugate to —v. 

If only the function u = Re(/(z)] is known, one can recover v, on the 

basis of (9-132), by a line integration: 


v 



du , , du 

- dx + — 

dy dx 



+ const. 


(9-135) 


For this integral is simply / dv, by (9-132): 

dv = ! v <i* + ^Jy=-f'i* + 9 r r dy- (9-136) 

dx dy dy dx 

With dv given, v is determined up to an additive constant, so that (9-135) 

gives all solutions. . 

If u is given only as a harmonic function in a simply connected domain D, 

then (9-135) can be used to construct a conjugate harmonic function v, so 
that u + iv = f(z) is analytic in D. For this integral is independent of the 
path by (9-133) and hence does define a function v. Since (9-136) must 
then hold, the Cauchy-Ricmann equations follow and v is conjugate to u. 
If D is not simply connected, the integral may depend on the path, so that 
a multiple-valued function is obtained; this is illustrated by the function 
log z y for which u = ' log (x- + y-) is harmonic except at the origin. Such 
multiple-valued functions are far from being useless, since one can build 
them up out of analytic branches, as for log z in Section 9-16 above. 

The function u can be obtained from v by a similar formula: 


v 



dv , dv , . 

— dx - dy + const. 

dy dx 


The Cauchy integral formula can be applied to obtain valuable relations 
for harmonic functions: 


Theorem 41. Let w = u 4- iv = f(z) be analytic in a domain including 
the circle = U plus interior. Then for z 0 = r 0 c ,e " inside this circle, 


m(z„) 


= l r 

27rX 


R 2 ~ To 


R- -J- r'o — 2 Rr 0 cos (0o — 6) 


n(/?e") dd, (9-137) 


and similarly 

,, _l r _ r ' ~ ri _ 

' 27T Jo R ' + r‘ - 2 Rr 0 cos (0 O - 0) 


v(Rc*) dd. 


(9-138) 
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‘2r 


2 Rr 0 sin (fl„ - 6 ) _ u (Rc w ) <16 + v(0), (9-139) 


9-221 

Furthermore, 

= 2 *J 0 R 2 + r o - 21iru cos (0u - 0) 

arnZ (9-137) and (9-139) arc obtained by taking real and imaginary parts 
in the equation: 

L±JS U ( Z ) dd + iv{ 0), 2 = Re*. (9-140) 


L 


Equation (9-137) is known as ‘ho ‘’'it'e" 

monic function a. This will he studied further™ be on 9 3„ « 

presses the values of u inside the circle in eims ‘ f unc ti on . 

ary, just as does the Cauchy " r o !k fumdlon 

!'*, .n U.r.ns of the hound- 

a ^^V f ~^ ,C ^^.ry integral for,n,da for the circle 
C: \z\ — R gives 


Zi\ 


V*- (9 - ,4,) 

c* 

Now the point 21 = R 2 /z<> is outside 
C, as shown in Fig. 9-25, and hence 


2 — 2 t 

is analytic within C. Accordingly, 



/( 2 ) 


0 = f ' /2 “ f n- 

r J Z 1 <' Z — - 


dz. 


(9-142) 


u 


If we set 2 = R,r in (9-141), so that A = f IlS <» = * *• " c fi '"‘ 


/(* 


-if 


—— (// + iv) (l °- 

- 2ij 

(9-143) 

(9-142), we find 

2 - (u + iv) <10. 

IP 

2u 

(9-144) 


We now take conjugates in (9-144); on using the elation * • * - « 2 . 
find 

(9-145) 


0 = A r^-iu - it>)</0. 
2 tt J„ 2 - 21 , 
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On subtracting (9-145) from (9-143), we obtain the equation 

"W-S I"®-- 


(9-146) 


If we take real parts here, we obtain at once: 


u(z 0 ) = y u(z) dd, z = Re”, z 0 = roe 1 " 0 . 

This gives the desired integral formula (9-137). Since v is the real part of 
the analytic function v — iu, a similar formula (9-138) holds for v. If we 
set 2 0 = 0 in (9-138), we find 



(9-147) 


Hence (9-146) reduces to (9-140); on taking imaginary parts in (9-140) we 
find (9-139). The theorem is thus proved. 

Equation (9-147) is itself of interest. It states that, just as for analytic 
functions, the value of a harmonic function at the center of a circle equals 
the average of the values on the circumference; cf. (9—125) above. 

It is of great significance that the Poisson integral formula (9-137) re¬ 
mains correct for an arbitrary function u which is continuous for \z\ ^ R and 
harmonic only for \z\ < R (Prob. 9 below). In fact, if h(0) is a piecewise 
continuous function of 6 for 0 ^ 6 ^ 2ir and /i(0) = h(2ir), the equation 




-If 

2x Jo 


R 2 - rl 


R 2 ro — 2 Rr 0 cos (0 O — 0) 


h(6) dd (9-148) 


defines a harmonic function u in the region \z\ < R having the boundary 
values h(0); that is, if we set u(Re'°) = /i(0), then u is harmonic for \z\ < R 
and continuous for \z | S R except where h is discontinuous. This question 
will be studied further in Section 9-33. 

From the fact that the analytic function f{z) can be expanded in a Taylor 
series, one concludes that u(x, y ) = Re(/(z)] and v(x, y) = Im[/(z)] or, in 
general, any harmonic function can be expanded in a Taylor series in x 
and y\ the series will converge in a circular domain as for/(z). . Thus from 
the expansion 

e‘=l + 2 + . 

2 n ! 


one concludes that 
u — e z cos y = lle(c*') = 1 -P x + 


~ y- 

oi 


+ 


Re(x -1- iyY _j_ 


• • 


n i 


If polar coordinates ure used, one has 
e* = 1 r(cos 6 i sin 0) -f- • • • 


(9-149) 


r n (cos nd + i sin n9) 


7} l 


• • • 



9-22] 

accordingly, 
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u = e ,co3e cos (rsin0) = l + rcos0 + ••• + 


r n cos nd 


Ml 


+ 
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(9-150) 


This represents « as a Fourier series in 6 with coefficients which depend on r 
The Cauchy-Riemann equations have already appealed in a » b - 
difffirentforn^in hhe theory of vector fields: namely. as 
vector field in the plane have divergence 0 and cu r 10 Thu le 
,j (Where i, j, k arc the unit vectors of vector analjs.s). then 

,. v du dy a V - (— — — —]k. 

d ' vV = Fx~a~y V to a «> 

Hence the conditions: div V = 0 and curl V = 0, reduce to 


du _ dv du 
dx dy dy 


dv 
dx’ 


fh" basicFfor'apffficittions in’hyd^dyna^ils3^~gn^to; 

it will be considered further below. 

problems 

1. Show that the slope of a curve: u(x, y) = const is given by 

du/dx 
IJ ~ du/dy 

there any exceptional points? 

2. Plot the level curves of u = IMfU)! and v = Im|/(z)] f<»r 

( ,|) f( z ) = log z (any branch) 

(a) /(z) - z ( > /( z) = C ‘ 

(b) /(*)-*• ( >J ' 

(c) /(*) = 3iz - 1 - i 


1 


(0 /(*) = : 


3. (a) Expand in power series in powers of x and y: ^ 

«- " 110 (r^)' ;“ (UFF+7’ ” ""-J' 

(b) Write the series (a) in polar coordinates. 

4. (a) Expand p - cos * in a Taylor series in the real variable x. Pint: use 

‘"“^Expand * - cos (sio x) in a Fourier series. [Hint: use (9-150).) 

5. Show that the following functions are harmonic, and obtain the conjugate 
functions by line integration: 


(a) u = 5z - (b) u = 2 xy (c) u + y 


(tl) c r (x cos y — y sin ij). 
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6. Show that, if u(x, y) is harmonic in domain D, then the functions 

du dn d 2 u d~u d-u d 3 u 

dx’ dy dx 2 dxdy dy 2 dx 3 

are All harmonic in D. If v is conjugate to u, what function is conjugate to dhi/dx 2 ? 

7. Let u(x, y) and v(x, y) be a pair of conjugate harmonic functions in a domain 
D and let u + iv = /(z). 

d(u, c) 


(a) Show that J = 


= !/'(*) I 2 - 


0(x, y) 

(b) Show that, if /'(z 0 ) j* 0, then the equations 

m = u(x, y), v = v(x, y) 

can be solved uniquely for x and y in terms of u and v in a neighborhood of (xo, !/o), 
so that the equations define a one-to-one mapping of this neighborhood into the uv 
plane (of. Section 2-S). 

(c) Show that the inverse mapping of (b): 

x = x(u, v), y = y(u, v ) 
satisfies the Caucliy-Riemann equations: 

dx _ dy dx _ dy 
du dv dv du 

so that the inverse function z = z(w ) is analytic near the given point. 

(d) Show that the inverse mapping z(w) of (b) and (c) satisfies the condition: 


dz 


1 


dw dw/dz 

8. I.et 4>{u, v) be a harmonic function in domain of the w plane and let 
w = /(z) 1)0 analytic in domain D : of the z plane, with values in D v . 

(a) Show that </>[u(x, #/), v{x, //)] satisfies the equation 


d 2 <t> d 

dx 2 dy 


dy- J K ) ' Vda 2 + dv 7 
(b) Show that <2>[«(x, y ), v(x, »/)] is a harmonic function of x and y in D t . 


9. Integrals >.• depending on a parameter. Let g(zi, z 2 ) = g(xi iy\, x 2 -f- it/*) 
be a function of two complex variables Zi, z 2 . Continuity for such a function is 
defined precisely as for real variables; it can also be defined by requiring that 
?/ — Hc|y] and v = Im[< 7 ) be continuous in .r,, ,r 2 , i/ 2 . Let g be defined for Z\ on a 

path C in the zi plane and z- in a domain I) of the z 2 plane and let g be continuous 
in both variables. Moreover, let g be analytic in z 2 for each z, and let the derivative 
dg dz. be continuous in both variables. Then the integrals 


F ( z t) = J9(z i. 2?) dz,, J~ (z,, 22 ) dz\ 


c 


in ° well-defined. Moreover, Leibnitz's rule is applicable (Section 4-12): 




L ( 

!Zn f 


g(zi, z 2 ) dz 


c 
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for the line integral can he written in ter,ns of two real lino integnrls omUlwmhy 
use of a parameter l, in terms of two real integia > " 1 1 ,c - P * j r _ 

rule, the Cauchy-Riemann equations are sabshed by u = Ke ^md ' 
Im[>( 2j )l, so that F(*a> * analytic. Since /' '(*> - Bu/dx,+ i dv/dx* U) 

duces to two identities in real variables. 

(b) Apply the rule (a) to prove formulas (9-128) from (0-123). 

( C ) Prove that, if F(z) is continuous on the path C, then 


/ 


F(z) 

z - Zo 


dz 


c 


defines an analytic function/(zo) < Vel a",!'the^ollos-fiexample show.-{ 

obtained in different domains need not be related, as 


i 


1 ( 2 rri, M < > 

“ i 0. M > l - 


(d) Let *(4 be continuous for 0*0* 2. and let /,«» = W*)- ^ovc that 


/(Zo) 


- l r t± 

_> 7 T L Z - 


Zo 

Zo 


/i(0)</0, z = R,U> ' 


is analytic for lz 0 | < R and hence that 

._l r _mM 0 ) < w . 

u(2o) - 2 tt L It 1 + rt — 2/f r 0 cos (0u — 0) 

1 f‘ w _ 2Rr,Muj0,.^_0) - 1,(0),10 

Kzo) - / ft- -f r% — 2/(r 0 cos — 0) 


are harmonic for M ;< , :l continuous derivative. Show by 

(e) lx;t the function h(0) of part <<U 

integration by parts that 

.<«•> --: f' jrhs*' ( * "■ 2 “ ,f ‘“ 

This is a representation of the harmonic fm.-t .. hf^Umir M of .. 

(lixtriljuliun on the circle (zl — R- 


answers 


3. (a) u = l + x + (** - '/) + (C - + • ■ • 


+ 


v+ n^ ( "- 2)(B 

[_ 2! 


1! 


v+---]+ 


t, = y + 2xy + (3x ! f/ - y 3 ) + • • • 


+ 


jjw" '</ — 


7l(n — 1)(« — -• 3,.:i 


3! 


__ ZL x n V + 


”] 


d-; -r -' + >f < >; 


(b) u = 1 + r cos (?+•••+ r " cos n0 
4- r n sin n0 + • • ■ • 


v = I + r sin 0 d* 
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4. (a) 1+iH-h (V Jp - cos 0717T^ 4-, (b) 1 4- cos a: 4 

cos nx # . . # Both series converge for all x. 
n! 

5. (a) v = 3x 4- by 4- const, (b) v = y 2 — x- + const, 

(c) v = — -1- const, (d) e z (x sin y 4- V cos y). 

x 1 4- y~ 


9-23 Power series in positive and negative powers — Laurent expan¬ 
sion. We have shown that every power series 2a n (z — Zo) n with nonzero 
convergence radius represents an analytic function and that every analytic 
function can lie built up out of such series. It thus appears unnecessary 
to seek other explicit expressions for analytic functions. However, the 
power scries represent the function only in circular domains and are hence 
awkward for representing a function in a more complicated type of domain. 
It is therefore worthwhile to consider other types of representations. 

A scries of form 


X 



n - U 




bn 

(z - Zo) n 



(9-151) 


will also represent an analytic function in a domain where the series con 
verges, for the substitution: 


Zl 


1 


Ar 


Zo 


reduces this series to an ordinary power series: 

E 

f »-0 

If this series converges for |ci! < r*, then its sum is an analytic function 
fUi ): lienee the series (9-151) converges, for 

|z - Zo! > r\ = -(9-152) 


to the analytic function 

9(z) =/ (r^7 0 )' 

The value ci = 0 corresponds to z = <*>, in a limiting sense, and accordingly 
we can also say: g(z) is analytic at <» and g(e») = b Q . This will be justi¬ 
fied more fully in Section 9-25. 

The domain of convergence of the series (9-151) is the region (9-152), 
which is the exterior of a circle. It can happen that r* = 0, in which case 
the series converges for all z except z 0 \ if r* = °°, the series diverges for all 
z (except 2 = , as above). 
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9-231 POWER SERIES IN POSITIVE AND NEGATIVE POWERS 

If we add to a series (9-151) a power series in positive powers of 2 - 2 0 : 

J a n (z - zo)" = ao + ai (z - 20 ) H-> 

n - 0 

converging for |z - z,| < n, one obtains a sum 

a„(z — 2 0 ) n . 


* 


° n 

ZZoiz - Zo)" ' ^ 



(9-153) 



Ai » 1 'N ' -- — 

the annular domain : 

rj < |z — z 0 1 < * 2 , 

as shown in Fig. 9-26; each series 
has an analytic sum in this domain, 
so that the sum of the two series is 
analytic there. We can write this 
sum in the more compact form (after 
some relabelling): 

m = 2 >-(* -2o) "> (9 ' 134) 

though this should he interpreted a., the sum of two 

in ££ “« — “ 

be obtained in this way: 

Theorem 42 ( Laurent's theorem). Let /(z) he analytic m the n j 

lh < |z - z„| < « 2 . Then 

U-Zn (Z-Zo) 2 -1 

ft - -CO 

where 

„ _J_I _ 1^1 - dz (9-155) 

a " _ 2iri ? (Z - Za)" + ’ 


/(z) =23 a n (2 -z 0 ) n = [a 0 + «i( z Zo) +•••!+ |_, _ 2o + ( 2 - 2 0 ) 


2iri J (z ~ Zo) 
c 

and C i8 any simple closed curve separating \z- z„| = R '£°™ ^ ^ 

The seriee converge uniformly for IU < *. ^ l z " 2 «l ^ 

Proof. For simplicity we take Zo - ' < ^ j n Fig# <j-26. We 

then'apply g^ornli in>ner,d formM) above, 

to the region bounded by Cr. |«| — r i an( ^ 2 ‘ ' * 2 

„ . 1 ^ / (z >_ ,/ 2 - Iff f/z. 

/(z,) = ^ ? z - z, 2« y z - z, 

c* 


( 9 - 150 ) 
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The first terra can be replaced by a power series 

m 

z 


a - = hf — d2 ' 

n — 0 /* 


as in the proof of Theorem 38 (Section 9-21). For the second term, the 
series expansion 

1 = _ 

Zl 


z — z 1 




1_ 

Zl 


z'i 


zl 


valid for |z,| > \z\ = r 2 , leads similarly to the series 


*--bi 

n - l 6 1 n--» C X 


M 

?n+l 


c/2 


Ilonce 


/(*o =Z o-'J. = 7^ rf2; 

n* - x z’ 


the path C» or C, can be replaced by any path C separating |z| - Ri from 
u- = since the function integrated is analytic throughout the annulus. 
The uniform convergence follows as for ordinary power series (Iheorem 61, 
Section 9-18). The theorem is now established. 

Laurent*s theorem continues to hold when R i = 0 or R 2 — ®° or botb * 
In tin* case R x = 0, the Laurent expansion represents a function f{z) analytic 
in a (Ichlcd neighborhood of z,„ i.e., in the circular domain \z -z o| < 
minus its center z„. If Hi = ®, we can say similarly that the series repre- 

m nls Hz) in a deleted neighborhood of z = » . . 

Remark. Laurent’s theorem does not provide a series expansion lor 

log; in a ring: /s', < \z\ < R 2 , for log z cannot be defined as an analytic 

* « • 


function throughout such a ring. 


9-24 Isolated singularities of an analytic function. Zeros and poles. 

Let f(z) be defined and analytic iti domain I). We say that/(z) has an 
isolated singularity at the point z„ if/(z) is analytic throughout a neighbor¬ 
hood of z,< except at z.. itself: that is, to use the term mentioned at the end 
of the preceding section. /(;) is analytic in a deleted neighborhood of z 0 , 
> ut not at The point is then a boundary point of D and would be 
colled an isolatid boundary point (see Fig. 9-27). 

A deleted neighborhood: 0 < 

— z 1 < Ri forms a special case 
<i[ ihe annular domain for which 
Laurent's theorem is applicable. 

Hence in this deleted neighborhood 
( i-i has a representation as a 
I .aurent series: 

/(=) = - z ' ) ”- 


n - - x 
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9.24J ISOLATED SINGULARITIES OF AN ANALYTIC FUNCTION 

The form of this series leads to a classification of isolated singulard.es into 

three fundamental types: mrnear. In this case the 

Case I. No terms in negative ■pouci «malytic in a neighborhood 

. ."" 

call this a removable singularity o /(,-)• 

-2 

sin z _ , £_i 1 . . . 

T~~ 3 ! 5 ! 

at z = 0. In practice, one automatically removes the singularity by de- 

a Tt ftnite number of po„;rs of z - z. appro. 

Thus one has 


a_v , 

' (z) - + 


• • 


-—-h + 

2 — 2o 


• • • 


+ a„(z - 2 o) n + 


• • 


( 0 - 157 ) 

with IV s 1 and # 0. Here/(«) is said to have a po,r of order W at z. 
One can write 

f( z) = 9(z) = “- v + a '" + ' (z _ Zo) + " ' ’ <!, ’ 158) 

Poles are illustrated by rational functions of z, su. n as 

Z - 2 


(2* + l)(s - 1> 3 

which has poles of order 1 at + i and of order 3 at 2 = 1 
The rational function 


a-.v 


(2 - Zo) N 


; + 


• • 


+ = p(*) 

Z — Zo 


( 0 - 150 ) 


is termed the principal pari of /(e) at the pole z„. Thuz/(.) PM » 

an c^/ m—p —p rrzzz;*,: uS-S 

case /(z) is said to have an singularity at 2 „. 

the function , 111 11 

/(*) = *= 1 + * + 21 ? + 31 ? + " 

which has an essential singularity- at . z = 0- (l ,.,,,„li„gly |/<z)I is 

,n Case ^ t"sei'instn.' M such thai !/(*)! < « 

bounded near z 0 , that is, mi \ 

for z sufficiently close to z«. I» Cusc 11 ’ 


lim /(z) = ® 
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nnr] it is customary to assign the value «> (complex) to/(z) at a pole. At 
an essential singularity, f{z) has a very complicated discontinuity ; one can 
in fact, for every complex number c, find a sequence z n convergmg o 

such that 

lim/(z„) = c; 

n— 

fsee Prob. 13 below). Since Cases I, II, III are mutually exclusive, it 
follows that, if |/(z)| is bounded near z 0 , then Zo must be a removable singu¬ 
larity and. if lim f(z) =«> at z 0 , then z„ must be a pole. . 

lit f(z) be analytic at a point z 0 and let /(z 0 ) = 0, so that z 0 is a zero of 
f{z). The Taylor series about Zo has the form 


• * 


f(z) = a N (z - z 0 ) Af + a.v+i(z - Zo) N+l + 

where N ^ 1 and ay 9 * 0, or else /(z) = 0 in a neighborhood of z 0 ; it will be 
seen that the latter case can occur only if f(z) = 0 throughout the domam 
in which it is given. If now/(z) is not identically 0, then 

/(z) = (z — Zo) x h(z), h(z) = ax + a A ' + i(z ~ z °) + 

*(*.) = = 0 ^ - a * * °- 


• • 


N\ 

Wo say that /(z) has a zero of order N or multiplicity N at Zo- 
1 — cos z has a zero of order 2 at z = 0, since 

z- z* , 

l-COSZ = -- J + 


For example, 


• • 


If /(-) a zcro °f or( I cr N a * z °> Men 


F(z) 


1 



has a pole of order N at z 0 and conversely. For, if / has a zero of order N, 
t hen 

/(z) = (z - Zo) N h(z) 

as above, with h(z„) 0. It follows from continuity that h(z ) ^ 0 in a 

sufficiently small neighborhood of z„. Hence g(z) = l/h(z) is analytic m 
tlic neighborhood and <j(z Q ) 0. Now in this neighborhood, except for z 0 , 



1 = gfe) 

(z - Zy) A 7i(z) (z - zo)"’ 


so that F has a pole at z 0 . The converse is proved in the same way. 

It, remains to consider the case when / = 0 in a neighborhood of Zo . 
Tliis is covered by the following theorem. 

Theorem 43. The zeros of an analytic function are isolated, unless the 
function is identically zero; that is, if f(z) is analytic in domain D and 
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, W is not identically zero, then for each zero z„ of f(z) there is a deleted 
neighborhood of Zq in which f(z ) 5^ 0. 

Proof. Let E x denote the set of all points z, in D for which /(-) = 0 1,1 

n S£^£ forms all" is an “Is very 

definition (Section 2-2). n t i,__ n », ovo 

The set a is also open. Let * bo in E, If /(*) -0 then, as above, 

rt z ) _ ( 2 _ 2 ,)-v/i( 2 ) where A(z) is analytic at 2 . and h(zf) ^ , 

from the continuity of h(z) that 1 ,( 2 ) p* 0 in some ...«£b«houd ..If « 

Hence/(z) ^ 0 in this neighborhood, except at z,. « - ^ in ;l 

ssass to a 

—t^. teWMTtW- 0i %; . all of D - that , 
each zero of /(z) is isolated. 


9-25 The complex number- The «*£ niimber . ^Wnint- 

the'disra&sionof'polcs inlhe preceding section^ In ‘^to t ^Tni“imW- 

C j-r^ y w^:='-—- - 

number system with special algebraic rules. 


— = 0 (z^®), z ± co = oo (2^“), 0 03 ( 2 ^ 0) ’ 

00 


(9-100) 


2 • co = co (2 ^ 0), 


00 


= CO (z 7* 00 )• 


( 1 f* 11 f 1 

Expressions such as °° + ” °°’ 7/” a'dXlei neighijorhood of - if 

A function f(z ) » -d to be a^.aiy a » a do hud ^ ^ cxpansion 

/(z) 18 analytic for |z| > m lor some, m* 

with li 2 = «> and Zo = 0 is available and one has 


/(2)=S a " z "’ ^ > Wl * 


--- 


f I...-,, /Y/l is said to have a removable 
If there are no positive powers of 2 here, / . .. , a . 

einfpdarilp at » and we make / mmfptic at « by deBmng /( ) 


a_i , 

/(z) = flo + -— + 


z" 


• • 


|zl > /ei; > 


/(co) = a 0 . 


This is clearly equivalent to the statement that , if one 
f(z) becomes a function of 2 , with removable im.gula.ity at 2 , 


1/z, then 
0. 
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If a finite number of positive powers occur, one has, for N ^ 1, 


/(z) = a w z s + 
= z"A(z), 


+ a\Z + do d-H * 

z 

h(z) = a N + ^ + 


(9-162) 


• • • 


where A(z) is analytic at ~ and M - ) = «.v * 0. In this case/(z)i s ^d to 
have a pole of order N at «. The same holds for f(l/zi ) at Zl U- 

Furthermore, lim/(z)=°°. (9-163) 


If infinitely many positive powers appear,/(z) is said to have an essential 

S! "lf"/ a (z1'ranalyt”cat ~ as in (9-161) and/(«) = a„ = 0, then f(z) is said 
to have a zero at z = ®. If / is not identically zero, then necessarily some 

^ 0and m = e=E + ^ + ..., \z\ >Rl 

2' v z‘ v+1 (9-164) 

= -4 a(2). o(z) = a -x + + * * * • 


Thus r/(z) is analytic at «> and <7(®) - o-.v ^ 0. We say tl /( ) 
zero of order (or multiplicity) iV at «> . We can then show that, if/(z) ha* a 
zero of order N at ® , then l//(z) has a pole of order A ut ® , and conversely. 

Tlie significance of the complex number ® can be shown geometrically 
by the device of sten ographic projection . i.e., a projection of the plane onto a 
sphere .angent to the plane at z = 0, as shown in Fig. 9-28. The sphere 
is given in xyt space by the equation 

*«+»*+(«- iy= \< c°- i65 > 

so that the radius is *>. N denotes 
the “north pole” of the sphere, the 
point (0, 0, 1). If N is joined to an 
arbitrary point z in the xy plane, 
the line segment Nz will meet the 
sphere at one other point P , which 
is the projection of z on the sphere. 
For example, the points of the 
circle: |z| = 1 project on the “equa¬ 
tor” of the sphere, i.e., the great 
circle: t = ?>. As z recedes to in¬ 
finite distance from the origin, P 
approaches AT as limiting position. 

Fig. 9-28. Stereograplnc projection. Thus N corresponds to the complex 

number <» . 

One refers to the z plane plus the number ® as the extended z plane. To 
emphasize that ® is not included, we refer to the finite z plane. 
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1. Prove the validity of the binomial expansion 

z- + • • • + 


(1 + z) m = 1 +T Z + 


m „■(»■- 1)-•■(»" ~ " + ».. + .. . 


1 - 2 


a! 


for | Z | < 1, where m is an arbitrary complex number and the principal value of 
(1 + z) m is chosen. 

2. Expand in Laurent series or Taylor series as indicated: 

i r 1 - 1 

for |z| <2 Hint: —^ = 


(a) 


(b) 


z - 2 


1 

z - 2 


- 1 ). 


(c) 


(d) 


for |z 


1 



Hint: 


“’>3 j 


(z - 1)(z - 2) 


— for Izl < 1 [Hint: use partial fractions.]; 


1 


— for 1 < |z| < 2; 


(z - 1 )(z “ 2) 

(e ) _—1—- for |z| < 1 [Hint: use Prob. 1.]; 


(0 


(G) 


(z • 

~ 1 )* 


1 

(z 

- IP 


1 

(* 

- u) m 


1 


- a) w 


for Izl > 1. 


Hint: 


1 




-for |z| < l«l, = L 2, • • •; 


-- • 

of singularity: 

(a) - at z = 0; 

1 — cos z . ,, 

(b) -at z = 0; 


(c) 


1 


Z(z - I) a 


at z 


= 1 [Hint: set z, = z - 1 and expand about z, - 0.]; 


1 


1 


(d) esc z at z = 0 [Hint: esc z — / 2 




-11 once there is a iirst 


order pole at z = (). Now set esc z 


1 


a , 


2 :t! + 


+ ttu + «!«+••• a,u * 


determine the coefficients ct-i, flu, • • • 80 
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(e) CSC * at z = tt [Hint: set * = 2 - * and proceed as in (d)J; 

(f) cot z at z = 0. 

4. Let m be analytic for |*| < R except for poles at a,.a- ™ the P nn ' 

cipal part of/W at a, be p.(a), »**•“»*>' _ (i) is ana l yt ic for |a| < R except 

represent ly a TayV series: 

as 

/(z) - pi(z) - • • • - Pfc(z) =S a " Z "’ ' 2 ' < 

( < b vr<«; - w iX^iiLT^tb; 

/(2) = £ 0^2", /?! < |zl < 

n - — «o 

where the terms a„ + a,z + • • • are obtained as in part (a) and 

Pj(z) + • • • + P*( 2 ) = 53 a " Z " 

n - -x 

is tlie Laurent expansion of pi(z) + • • • + P *( z ) a,) ° ut 00 • 

5. Expand esc z in a Laurent series for *■ <UI < 2ir. [Hint: pro_ceed as m 
p ro b. 3(d) and (c) to find the principal parts p,(z), p-i(z), pa(z) at , , pe 

lively. Set 


1 


sin z 


— />l(2T) — P2(Z) P3(^) - ^2 

n - V) 


as in Prob. 4(a) and determine o„ . . . so that this is an identity; this requires 
clearing of denominators and replacement of sin 2 by z (z/3.) + 
proceed as in Prob. 4(b).] 

(». Expand in Laurent series in the annulus given: 

(a) sec z, < |z| < %ir] 

(b) —-—» 1 <|* — 2| <3 [Hint: set z, = z - 2.]; 

2- — l 

C' 


(c) 


2 - l 


Z| > L 


7. Lot A(z) and 7?(z) be analytic at 2 = z 0 ; let A (zo) ^ 0 and let B(z) have a 
zero of order X at Zo, so that 


/(*) = 


A(z) 


fin 4- d|(z — Zo) 4- • • 


Ii ( 2 ) “ bs(z - Zo) v 4- b.v+ifz - z 0 )- v 4 - • • • 

has a pole of order X at z 0 . Show that the principal part of/(z) at z 0 is 

(to 1 _, n\k .V — »<Av-i 1 _ i . . . 

6.v (z — Zo)' v )>Tv ( 2 — 2 o)' 1 

and obtain the next term explicitly. [Hint: set 


do 4- «i(z — Zo) 4~ • 


6.v(z — Zo)' v 4- 6,v+i( 2 — 2 ») 4- • • • (z — zo) 

multiply across, and solve for c_.v, c_.v r i, . . . .] 


. r -v^ _+ 

2 - z«V v (z - Zo)‘ v - 1 
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. Find principal parts at the points indicated, with the aid of the result of 


8 . 

Prob. 7: 

(a) esc z at z = 0 

(b) esc z at z = 7T 


7T 


(c) tan z at z = » 
z 


(e) 


(z 4 + l) 2 


at z = i 


7T 


<«») 3 


Z- + 1 


at z = i 


(f) tan- z at z = - 


9. Let /(z) be a rational function in lowest terms: 

_ Aoz" + qi2 n ~‘ + ••• + «" . 

~ + . • • + 6m 

The degree d of /(,) is dehned to he the largr 

»unLd as A’ poles or zeros. 

10. Locate all zeros and poles in the extended z plane (cf. Prob. 9): 

. . \ ( t / ■ o \ 1 


(a) 

(b) 


z 2 - 1 

z 2 + 1 
z — 1 
z 3 * 1 


(c) 


(cl) 


(z - 1)»(* + 2) 3 


1 


(2 - l) 3 


11. Let <, = x, + project on the point (x, 0 under the stereographic pro- 

jection described above. Show that 


(a) x = 


X\ 


U = 




t = 


XT + //? 


T+xi~+'fi' " i +xi + 'A' ' i +x'i + iA' 

s -»«>. .... 

point diametrically opposite to (x, y, <)• 

„ r> • - 11 nrtmii • /f Iflzll is bounded in a deleted neighborhood of an 

12. Prove Riemann « theorem. |J< ;i , /y 2 l (Hint* proceed as in 

aritrsfss: ?asitaWUfi ..- • - 

*r ap,>ly Prol - 

12 and conclude that/(z) has a pole or removable smgula.it> z„.J 


7T 

2* (**) On+l* 

n-0 ^ 

w -tf., -£?• 

n-0 ^ - 1 

>■’ c±i=[' >£. 


ANSWERS 

2" 

(b) S 

n-0 Z 

CO 


(e) X) (n + l)zn ’ 


(c) £*-(l -^t) 

71 - 1 

(0 T,-^r 


n -O 


^m(m + !)••• (m + n - 1 ) 


Tl! 


n 

*I"J 
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,m+n 


n - 1 

00 r*-l 


3. (a) ir-V pole of order 1; 

n-0 W - 


/u\ V'' £—1^— z 2 "- 1 , removable; 
(b) (2»)! 


( C ) £ (- l) n (z - I)"" 2 , Pole of order 2; (d) z + 6 Z + 3G0 ^ + ‘ ” ’ P ° lC ° f 


n-0 

order 1; 


(e) - 


1 




, pole of order 1; 




, pole of order 1. 


5. - \ - 2 Y, , + (| - ?) z + (a56 " £)*’ + 

^ n - i N 

ir2n ii ■* j_(! _ 2 ! 4. . . . , 

6. (a) - ir£+ 1 “ ~ + W 

1 V + - V (z - 2)" 

(b) 2 (• - 2 )" + « 3 " 


(0 


£[•-( 

n - 0 L- ' 


! + !+},+ 


+ 




a-J>\ - a\bxbs* i - aJ>x+J>s + a-fav+i 
1 ' b%{» - zo)- v - 2 


S. (a) ^ 


(l>) 


(«•> 


— I 


'- + 1 1 

• \'» 1 Ll 


l(j (z - O'* » 2 “ » 


- 1 

-- » 

2 — 7T 

> (0 


(c) - _ v_ 

2 — 2 7T 


(d) i 1 


2 iz — i 


(z - - 


10. Zeros: (a) ±1, (b) 1, (O 1, 1. -2, -2, -2, (d) -■ “i 

poles: (a) ±£, (b) -l, £ ± 3i f (c) 0, <*>, », «, (d) 1, 1, 1- 

9-26 Residues. Let /(z) be analytic throughout a domain D except for 
an isolated singularity at a certain finite point z 0 of D. The integra 


<f> f(z) dz 

<' 

will not in general be 0 on a simple 
c losed path in 1). However, the in¬ 
tegral will have the same value on 
all curves C which enclose z 0 and 
no other singularity ot /. this 
value, divided by 2W, is known as 
the residue of /(z) at Zo and is de¬ 
noted by Res [/(z), z«]. lhus 



Fig. 9-29. Residue. 


9-26] 


RESIDUES 


Res 1/(2), 2.] - 2 - rl j /(*) * ^ finitC) ' 

C 


503 


(9-166) 


where the integral is taken on any path C in D within which/(r) is analytic 
except at 2 0 (Fig- 9-29). 

Theorem 44. The residue off(z) at a finite point 2 0 is given by the equation 

Res [/( 2 ), 2 o] = a-i, (9-16/) 

where 

,, , , a -v _ + -h q — -j- a 0 + a ,(2 — 2 0 ) H- (9-168) 

is the Laurent expansion of f(z) at z 0 . 

Proof. To evaluate the integral (9-166). we choose as C a circle 
u _ , I = k in I) enclosing no singularity other than 2 0 . Ihc l.aim nt 
series converges uniformly on C, by Theorem 42, and hence one can into- 
grate (9-168) term by term. But 

0, n ^ 1 


r 1 . r kieie 

f(T=Tor Jo w'° 


(10 = 


2iri, n = 1 


so that 


if) f(z) dz = 2ir»a_i. 


It should he noted that this relation is the case >< = - 1 of (9-155). 


Example 1. °] -" l ’ rince 


1 _ = 1 - 


- 2 n - 


• • 


, 0 < 1*1 < 1. 


z\z - 1) 

Example 2. Rcsjy^y, «>] = <>■ *“« 


1 


2 2 ( 2 2 - 1 ) 


= _ \ _ j _ Z 1 _ . . . - 2*" - • • • , 0 < \z\ < 1- 


Thus the residue can be 0, even though/« has a nonremovable singularity 
at 2 (j. 

If C is a Simple closed path in D. within which/(r) is analytic except for 
isolated singularities at Zi, . . • » 2 *> then >y 100,1 m 

j,f(z) dz = jif(z) dz + • • • + J>A Z ) dz, 

c c 'i ** 

where C, encloses only the singularity at 2 ,. C, encloses only 2 *, • • • «* '*» 
Fig. 9-30. One thus obtains the following basic them m. 
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Theorem 45 ( Cauchy's residue 
theorem). If f(z) is analytic in a 
domain D and C is a simple closed 
curve in D within which f{z) is 
analytic except for isolated singu¬ 
larities at Zi, , Zk, then 

d f(z) dz = 2iri {Res [/(z), Zi] 
c Fig. 9-30. Cauchy residue theorem. 

+ • • • + Res [/(z),zjt]}. (9-169) 

This theorem permits rapid evaluation of integrals on closed paths, 
wherever it is possible to compute the coefficient a_, of the Laurent expan¬ 
sion at each singularity inside the path. \ arious techniques for obtaining 
the Laurent expansion are illustrated in the problems preceding this section. 
However, if one wishes only the term in (z — Zo) -1 of the expansion, various 
simplifications are possible. We give several rules here: 

Rule I. At a simple pole z 0 (i.e., a pole of first order), 

Res [/(z), Zo] = lim (z — z 0 )/(z). 

Rule II. At a pole zo of order N, (-V = 2, 3, . . .) 

Res [/(z), zo] = hm j-- - K -—> 

z—*. (A — 1 ) l 

where g(z) = (z — Zn) v /(z). 

Rule III. If ,1(?) and B(z) are analytic in a neighborhood of z 0 , A(zo) ^ 
0, and B(z) has a zero at z 0 of order 1. the n 


f(z) = 


A (z) 

B{.z) 


has u pole of first order at z y and 


Res [/(z), zo] = 


A (zo) 


Rule IV. If .l(z) and B{z) are as in Rule III, but B(z ) has a zero of 
second order ul z U( so that /(z) has a pole of second order at z 0 , then 


6.1 'll" - 2.4 B 


Kos l/(z), zo 1 = 


/// 


3 B"- 


(9-170) 


V'hert A and the derivatives A'. B", B’" arc evaluated at z 0 . 
Proofs of rules. Let f^z) have a pole of order N: 


m ~ la ~ A ' + a - v+,(z “ + ' • •’ = (2 - ijz 


Q(z), 


where 


g(z) = (z - z 0 ) A 7(z), g(z 0 ) = a_. v , 
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and „ is analytic at ,* The coefficient of <* - .J- in the Laurent senes 
for /(z) is the coefficient of (z - a .)*- 1 in the Taylor series for g(z). This 

coefficient, which is the residue sought, is 

(AT — 1)! *—*• (N — 1)! 

For IV = 1 this gives Rule I; for N = 2 or higher, we obtain Rule II. 
Rules III and IV follow from the identity 


Mz) 


a,) + rti (z - 2 n) + 


B(z) b. v (2 ~ Zo) lV + bx + i(z - 2u) A+l + 


a o 


1 


+ 


Oib.v ~ flufr.v+i _ ^ 


6.V (z - 2o) V ' tfv (2 - 2 u) A 

derived in Proh. 7 above. For a first order pole, A r = 1 and the residue is 


«0 

bi 


A (zo) 


For a second order pole, N 


Ii\z 0 ) 

2 and the residue is 
Q i b‘ — aJ>i 

bi 


Since 


a 0 


x , B"(z„) . _ B"'M 

= A(zo), a i = A (z 0 ), b 2 = b3 ~ 31 . 


35t=5 £3 = '2 


Zo, 

Example 3. 


I zet —dz = 2 iri{Res [/(z), 11 + Res [/(z), -Hi- 
/ 2 * - 1 


1*1 


Since /(z) has first order poles at ± 1, one finds »>y Rule I 


Z( 


.t 


Res [/(z), 11 = Jim (z - D * ~ ^ z + 1 2 

ZC* y Z(t _ _ 

Rch [f(z), -1] = “j-V-iz - 1 -2 


z< 




Accordingly, 


j dz = 2 Ti + y) = 2 « c0fih t- 


1*1 - 2 
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Res [f(z), 1] = 


Res [/(*), -1] = 


ze* 
2z 
ze* 
2 z 


2-1 


2- -I 


e 

2 


—er x 

-2 


This is simpler than Rule I, since the expression 


A(z) 

B\z)’ 

once computed, serves for all poles of the prescribed type. 
Example 4. 



dz = 2iri {Res [/(z), 1 ] + Res [/(z), - 1 ] + Res [ f(z ), i] 

+ Res [/(z), —t]}. 


All poles are of first order. Rule III gives 


A(z) = z = 1 
B\z) 4z 3 4z 2 

as the expression for the residue at any one of the four points. Moreover, 
z* = 1 at each pole, so that 


Hence 


Example 5. 




— [1 + 1 - 1 - 1 ] = 0 . 
4 


4 " TT . dz = 2 W!Res [/(z), 0] + Res [/(z), 1]}. 

At the first order pole z = 0. application of Rule I gives the residue: 1 
At the second order pole z = 1, Rule II gives 


Res 1/(0, 11 - (A =5^" 

dz\zj z- 


= 0 . 


2-1 


Rule IV could also be used, with .1 = c*, B = z 3 — 2z 2 z: 


Res [/(z), 1] = 


6 c*( 6 z — 4) — 2 c* • 6 
3(6z - 4 ) 2 


= 0 . 


2-1 


According!}', 


4 dz = 2m\l + 0) = 2 t ri. 

Lrl - *2 ^ 


% 
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residue at infinity 


567 


1 * 1-2 


*3*1 dz = 2«|Rcs [/(z), ivr] + Res [/(*), -I» 


for the singularity at z = 0 is removable and the ' 

within the path are ±*t. At these po.nts cos z has a first otde, zero » 

its derivative, -sin z, is not zero at either point), so that tan z has a tot 

order pole. Rule I gives 

(z — \ir) tan z 

Res [/(*), £ir] = f !*m- - 

Here no cancellation is possible, unless series are introduced: 

(z - jir) tan z = (z - lir) sin z = “ z*) sm_z_- 

2 Z COS Z 


l — (2 - 2 it) + 6(2 - 2*-) 3 + • • • 


sin 2 


2 l-l + 1(2 - + • • '] 

We can now take the limit and find 

Res 1/(2), -Wl = "A- - 

2 n 

Rule III would give, with A = sin z, B = z cos 2 


, , sin 2 

Res [/( 2 ), 2 tt] = —— 


1 




- 2 * 


COS 2—2 Sill 2 

The two methods are essentially the same here. IIo\\e\ 01 , wc have at o 


sin z 

Res [/(z), - j»l = 


- 1 


2 Sin 2 t--l» 2 ^ 


Accordingly, 


^dz = 2«(- ? + ?) = «• 


1*1 " ^ 


This example shows that the effectiveness of Rule I an.l even .note so, of 

Rule II is greatly reduced if no cancellation is I>‘>^ • 11 ; . , lhc 

note that, when this difficulty arises, one «.n «hUm the 1 ^ 
familiar procedure for indeterminate forms, us s > 

9-27 Residue at infinity. Lot f(z) be analytic for |*1 > The 
of f(z) at 00 is defined as follows: 


lies |/(z), ”! = gJri j' H z) <h ' 


where the integral is taken in the native direction on a simple closed path 
C, in the domain of analyticily of /(z), and of «hid, fit) 
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singularity other than <». This is suggested in Fig. 9-31. Theorem 44 
has an immediate extension to this case: 

Theorem 44(a). The residue of f(z) at <» is given by the equation: 

Res [/(z), 00 ] =— 0 - 1 , (9-171) 

where a_i is the coefficient of z~ l in the Laurent expansion of f(z) at °= : 

/(z) = • • • + + • • • + — + a 0 + aiz -+-•••. (9-172) 

z" z 

The proof is the same as for Theorem 44, since only the term in z~ l con¬ 
tributes to the integral. It should be stressed that presence of a residue at 
00 is not related to presence of a pole or essential singularity at <» ; that is, 
/(z) can have a nonzero residue whether or not there is a pole or essential 
singularity. The pole or essential singularity at °° is due to the positive 
powers of z, not to negative powers (Section 9-25). Thus the function 

- 1 1 
c* = 1 +- + — +•• • 
z 2 ! z 2 

is analytic at < 0 , but has the residue —1 there. 

Cauchy’s residue theorem has also an extension to include 00 ; 

Theorem 45(a). Let /(z) be analytic in a domain D which includes a 
deleted neighborhood of co . Let C be a simple closed path in D outside of 
which f(z) is analytic except for isolated singularities at Zi, . . ., z*. Then 

f(z) dz = 2iri {Res [/(z), Zi] + • • • + Res [/(z), z k ] + Res [/(z), «>]}. 

(9-173) 

The proof, which is like that of Theorem 45, is left as an exercise 
(Prob. 6 below). It is to be emphasized that the integral on C is taken in 
the negative direction (see Fig. 9-32) and that the residue at «> must be 
included on the right. 

For a particular integral 

f(z) dz 

c 

on a simple closed path C one has now two modes of evaluation: the inte¬ 
gral equals 2t i times the sum of the residues inside the path (provided there 
are only a finite number of singularities there), and it also equals minus 
2-rri times the sum of the residues outside the path plus that at » (pro¬ 
vided there are only a finite number of singularities in the exterior domain). 
One can evaluate the integral both ways to check results. The principle 
involved here is summarized in the theorem: 

Theorem 46. If f(z) is analytic in the extended z plane except for a 
finite number of singularities, then the sum of all residues of f(z) ( includ¬ 
ing co) is zero. 
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RESIDUE AT INFINITY 


.509 



Fig. 9-31. Residue at infinity. 


Fig. 9-32. Residue theorem for exterior. 


Huh V. If f(z) has a zt ro °f f irs OH lT ° 

Res 1/(2), co) =- lim zf(z). 


If j{z) has a zero of second or higher order at ® , the undue at 
Rule VI. Res 1/(2), ®] = “ Rcs [j* ^( 2 )’ °1 

The proof of Rule V is left as an exercise (Pn,b. 10 below). To prove 
Rule VI, we write 

a-x , a-2 , . . . .*1 > /e. 

/(*) = • • • + a„2" + • • • + + u « + 2 + z‘ 

Then ^ 

= . . . + a " + • • • + J + «. + «-.* + «-*’ +■'■• ° < ,J| < It' 

VC)“--- + r- + T + 0 - + -- 


Hence 




and the rule follows. This result reduces the pn>l 
residue at 0, to which Rules 1 to I\ are applicable. 

Example 1. We consider the? integral 

i 


. problem to evaluation of a 


1*1 — ^ 
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of Example 4 in the preceding section. There is no singularity outside the 
path other than «>, and at <» the function has a zero of order 3; hence the 
integral is 0. 


Example 2. 


i 


l 


dz. Here there is a fourth order 


(z + D 4 (** -9)(z - 4) 

pole inside the path, at which evaluation of the residue is tedious. Outside 
the path there are first order poles at ±3 and 4 and a zero of order 7 at <*>. 
Hence, by Rule I, 


i 


1 


1 * 1-2 


(2 + 1 )\z 2 - 9) (2 - 4) 


dz = 


— 2iri ( -— 

\4«6(- 


4- 


1 


4 4 6(-l) ( —2)<( —6)( —7) 


+ 


-L-) 

5* • 7/ 


*9-28 Logarithmic residues — argument principle. Let f(z) be analytic 
in a domain D. Then 

m 

m 


(9-174) 


is analytic in D except at the zeros of f(z). If an analytic branch of log/(z) 
is chosen in part ol D [necessarily excluding the zeros of /(«)], then 

s *'<•>-» 

For this reason the expression (9-174) is termed the logarithmic derivative of 

t ( ?) (, : f - 1 '; oh - 2 ' fo,lo ' vin S Section 0-9). Its value is demonstrated by the 
loiiowing theorem. 

U ' ^\ be . r a ” a }v tic domain D. I.d C be a simple closed 

a "" bj ‘ ic cmpt!or a finile mmbcT * r°>‘ s 

Zifjg 

ofZt* J rVZl T" /: T V" ,sidc C °”d K* *•« a* nunOer 

multiplicities. ' cs being counted according to their 

“ sin8ularities p ~ 


/(/' = ~ g(z, t ) ^ ft 

~ (s ~ ’Vu) 4 X(z ~ z„) y -'a(*) 

4tt - — *» VV Q ± #( z - Zn) v -g(z) g'(z) 
• /( ~ ) ' ' lX g(z) n( „\ 


4 


N 


Zo 
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Hence the logarithmic derivative has a pole of first order, with residue N 
equal to the multiplicity of the zero. A similar analysis applies to the poles 
of / with N replaced by — N. The theorem then follows from the Cauchy 
residue theorem (Theorem 45), provided we show that there are only a finite 
number of singularities. The poles of / are finite in number by assumption. 
If there were infinitely many zeros of/, then one could select a sequence z„ 
x„ + iy n of distinct zeros inside C. Such a sequence would have to have 
at least one limiting value z„, i.e., a point z„, every neighborhood of which 
contains infinitely many members of the sequence (see I . Franklm, - l 
Treatise on Advanced Calculus, page 18 (New York: iley, l.)40)|. It 
/( 2o ) = o, then /(z) ^ 0 in a deleted neighborhood of z„, by Theorem 43; 
if f(z 0 ) 5^ 0, then f(z) ^ 0 in a neighborhood of Zo by continuity; if Zo is & 
pole, then / approaches ® as z approaches z 0 , so that/(z) ^ 0 in a suitable 
neighborhood of z 0 . Thus z 0 cannot be a limiting value of zeros, and there 
can only be a finite number of zeros in all. The theorem is proved. 

As z traces the path C, the point w = /(z) traces a path C„ in the w 
plane. We can change variables as in Section 9-13 above and write 

_l = ± fa. 

2iri J f(z) 2iri J w 

C Cw 


Tlie path C w will be a closed path, but it may cross itself many times. Bv 
assumption, /(z) * 0 on C, so that C„ does not pass through the origin of 
the w plane. As remarked in Section 9-16, the integral 



measures the total change in log w as log w varies continuously on the path. 
If u>i = w 2l then 

log wt - log wt = log |iej| + i arg w 2 - (log kil + * ar 6 u ’>) 

= i (arg wi - arg u.'i) 


Hence on a closed path C w , the integral 

fdw 

J w 

( t£ 

is pure imaginary and measures i 
times the total change in arg w as 
arg w varies continuously on the 
path. This total change in arg w 
must be a multiple of 2ir, since 
W\ = Wi, and it can be considered as 
a measure of the number of times 
the path C„ winds around the origin 
in the w plane (Fig. 9-33). Also, 


V 



Fia. 9-33. Argument principle. 
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— v du -f- u dv 

U~ + V 2 


The integral on the right is the Kroneeker integral, already met in several 
other connections (Sections 5-6 and 5-14). 

We summarize these various interpretations of the theorem: 


jl sm 

2iri J f{z) 
c z 




[increase in arg/(z) on path] 



1 f — vdu + u dv 

2tt J u* + v 2 

C w 


The statement 


(9-175) 


— [increase in arg f(z) on path] = N 0 — N„ 

2ir 


(9-176) 


is known as the argument principle. This is of great value in finding roots 
of analytic functions. 


Theorem 48. Letf(z) be analytic in domain D. Let C. be a simple closed 
path in I), within which f{z) is analytic. If the function f(z) maps the 
curve C. in a one-to-one fashion onto a simple closed path C, r in the w plane 
and f’(z) 0 inside C„ then f(z) maps the interior of C, in a one-to-one 

fashion onto the entire interior of C„. 

Proof. We first remark that the Jacobian of the transformation from 
the xy plane to the uv plane is 


f)(>/. v) 

v) 


c lu Du 
Ox Oy 

dr dv 
Ox dy 



= \f\z)\\ (9-177) 


Hence ./ > 0. It then follows as in Section 5-14 (remarks before Theorem 
III) that, as - traees C. in the positive direction, w = f(z) traces C, r in the 
positive direction. Hence, if iv 0 is a point interior to C,„ (Fig. 9-34), arg 
(«■ — „\.) = arg:[/(«) — «*.,] increases by precisely 2 w. We apply the 
argument principle to the function /(c) — w 0 and, since this function Inis 
no poles inside C ; , conclude that 


A r 0 — — • 2-r = 1; 

ilru is, /(c'' — w. , has precisely one root z n inside C,. Accordingly, an in- 
ver-e transformation c = z(w) is defined inside C, r and, reversing the 

r ;'l <>s of - :,nfl ( < f Prob. 7 following Section 9-22), we conclude that 
thi- correspondence between interiors is one-to-one. 

Corollary. I.et f(z) be analytic in domain D ; and map D. in a one-to- 
onc fashion into the w plane. Thenf\z) ^ 0 i„ D z . 
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Fig. 9-34. One-to-one mapping. 


Proof. If /'(zo) = 0, then choose a circle C t about z 0 lying " ltl1 1,s 
interior in D z . The function /(z) maps C z onto C, r as in the above 
and, as in the above proof, N 0 = 1 for the function / *) - "o- Ho " 
since/'(zo) = 0, /(z) - w 0 has a double root at z 0 , so that iVn = 2. 1 nu 

a contradiction, hcncc f'(z) ^ 0 i^ . . . 

Remark. Because of (9-177), the condition /'(z) * 0 is equivalent to 

the condition ./ * 0. This condition was given m Section 2-8 as one 

sufficient to ensure a one-to-one transformation in a sufficiently stnall 

neighborhood of a given point. The condition/'(z) * 0-m D .» not sufficunt 

to guarantee a one-to-one transformation throughout all of I or . 

ample, w = z 2 satisfies this condition for 2 ^ 0, but the transfoimation is 

not one-to-one, since the inverse is the two-valued function 2 Suf¬ 

ficient conditions for a one-to-one mapping, supplementing Theorem 48. 

a XrThe“?1n 0 d 48 cun be extended to multiply connected do¬ 
mains (Prob. 7 below). The argument principle an ? 1 , ilvU”<mlv 

be extended, by a limiting process, to the case in winch/(r) is analytm > 

inside C. and continuous on C. plus interior; the requirement: rf Mt■ l> 
of f(z) = u + iv in Theorem 48 can even l>e replaced by the condition that 
J = d(u, v)/d{x, y) be everywhere positive (or everywhere negative) 

inside C z . 


PROBLEMS 


1. Evaluate the following integrals on the paths given: 


(a) j 


tv* 

II 

to 

(0 5 

f --- r dz, |z| 

P z J (z + 1) 

•> 

(b) J 

h + l d! ’ 

II 

IT 

(g) < 
* 

/ sin z 

r (z - i )-'(z 2 + 9) 

tfz, lz| 

(c) < 

* 

L’~ i*' 

II 

(h) i 
« 

^ tan 1 z dz, \z\ = 

_ 7 

10 

(cl) 1 
| 


|z - 1| = 2 

(») ’ 
t 

£ 2 dz, Iz' 

T(z* + l)* 

1 = 2 

T 

(e) 

r l 



i 423 + 22 dz, 

|z| = 2 

/ 2z J + 3z - 

— ciz, |z| = 1 

V)) 

Jz' + z’+l 
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(k)^A, | 2 | = 1 (1) 

1 * 1-2 

2. Determine which of the following transformations from the 2 plane to the 
tv plane is one-to-one in the domain given: 

(a) tv = z 1 , \z\ < 1 ; 

(b) to = z-, 0 < x < 1, 0 < y < 1; 

(c ) w = €’, 0 < x < 1, 0 < y < it; 

(d) tv = sin z, — < x < \ir, 0 < y < k. 


3. If a proper rational function f(z) has only poles of first order: 

boZ n 4- • • • 4- fe„-i 2 + b n 


^ (z - zi)(z - Zt) ... (z - z k ) 
then expansion of f(z) in partial fractions: 


(n < k, zi, ..., Zk distinct), 






requires only determination of the numbers Ci, ..., c k , which are the residues of 
f(z) at the poles. Apply this to obtain the partial expansions of the following 
functions: 




2 + 1 

(2- l)(2-2)(2-3) 



z~ 

2 s + 1 



1 



4. Prove: Every proper rational function/(z) has a partial fraction expansion. 
|Hint: let p\{z), . . . , p n (z) be the principal parts of /(z) at its poles. Then 
0 ( 2 ) — /(z) — ?>i(z) — pAz) — • • • — p n (z) is rational and has no poles. Show that 
g(z ) must be identically 0 .) 


Prove the Fundamental Theorem of Algebra: Every polynomial of degree at 
host 1 has a zero. [Hint: show that Resf/'(z)//(z), <*>] is not 0. is in fact minus the 
degree n of the polynomial /(z). Then use Theorem 47 to show that / has n zeros.] 

0. Prove Theorem 45(a). 


1 . Formulate and prove 1 lieorem 47 for integration around the boundary B of a 
region R in I), bounded by simple closed curves C h . . ., C’ k . 

8 . Extend Rule 1\ ol Section 9-2G to the case in which B(z) has a third order 
zero. [Hint,: use Prob. 7 following Section 9-25.] 


!». Extend Rule IV of Section 9-20 to the 
zero at z 0 and B(z) has a second order zero. 


case in which .l(z) has a first order 


10. Prove Rule V of Section 9-27. 

! 1 Prove de l IldptlaVs rule for analytic functions: 

z.„ then 


If A ( 2 ) and B(z ) have zeros at 



provided the limit exists. [Hint : let .4(z) have a zero of multiplicity A r , B(z) one 
o! multiplicity M at z 0 . Show that the limit of both sides is 0 if N > M, 
is A v (z 0 )/R A (zo) if N = M, is » if X < M.} 
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12. Evaluate the following integral, applying Rule II and de l Hopital s rule 
(Prob. 11): 


i 


esc 


3 z dz on \z\ = 1. 


2iri 


answers 

1. (a) -27rf, (b) 0, (c) 2iri sinh 1, (d) 0, (e) -j-> 

(g) 2iri(0.1 cos 1 — 0.02 sin 1), (h) 0, (i) 2iri, (j) Siri, (k) tti, (1) - 1Q8 

2. All except (a) are one-to-one. 


(0 0, 
TTI 


1 1 1 1 
3 * (a) 4 2 - 2 4 z -1- 2’ 


< b > rh " rh + rh : 


(C) 


_ 1 r »■ . _ii_ + _ii_ + ——— + -M. 

5 \_z - 2 i z - + 2 ~ 23 2-24 2 " 2& J 


(kni 

z k = exp ( 


f> * ■ 


3, 5, 7, 9; 


+ • • • + r^rr]’ 2 ‘ = exp (^r) 1 k -1 . n ' 


(d) . 

n |_z — z » 2 

120 - M\A’B'"B* - \2AB'"B r + \5AB ir 


H. 


9. 


40R 


3 


2A' 


B 


// 


12. 7ri. 


9-29 Application of residues to evaluation of real integrals. A variety 
rc!l 9 definite integrals between special limits can be evaluated w ith 


of 

aid of residues. 

For example, an integral 


l 


2» 


ft (sin 0, cos 6) (10, 


where R b a rational function of sin 8 and cos 8, is converted to a complex 
line integral by the substitution. 

z = e w , dz = ie a <10 = iz dO, 


cos 0 = 


( ,U) c 


Hin z 




the path of integration is the circle: |2| 1. 

Example 1 . {*—^ «»• The substitution reduces this to 

jo COH 0 + £ 
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1=1 - 1 


-2 j 

z 2 + 4z + 1 


dz = 4tt Res[z 2 + 4z + 1, -2 +V3], 


since —2 -f V3 is the only root of the denominator inside the circle, 
cordingly, 


Ac- 


[ 2W --- dd = 

Jo cos 0 Hi" 2 


V3 


The substitution can l>e summarized in the one rule: 


f ‘ r 7?(sin 0, 


cos 0) dd 


= M' 

w-i 


2 - 1 ^ z 2 + 1 \ dz 
2tz ’ 2z / *z 


(9-178) 


r I'he complex integral can be evaluated by residues, provided R has no 
poles on the circle z| = 1. 

A second examp e is provided by integrals of the type 

£ /(*) dx. 

We illustrate the procedure with an example and formulate a general 
principle below. 

/ ip / J* 

—-This integral can be regarded as a line integral 

* t 4 -+• 1 

of /(z) = 1 /(z 4 -}- 1) along the real axis. The path is not closed (unless 
one adjoins =°), but we show that it acts like a closed path “enclosing” the 
upper half-plane, so that the integral along the path equals the sum of the 
residues in the upper half-plane. 

To establish this, we consider the 
integral of f(z) on the semicircular 

path C, t shown in Fig. 9-35. When V. C R 

R is sufficiently large, the path en- / 

closes the two poles: Z\ = exp(j/V), / z » z * \ 

Zz = exp(i iir) of f(z). Hence I 2 1 \ 


(/ f(z) dz = 2-rr )! Rcs[/(z), z,] 
ci, T Rc.s[/(z),: 2 1J. 



1'ig. 9-35. Evaluation of / /(j) dx 

bv residues. •/-<*> 


V />“ increases, the integral on C u cannot change, since it always equals the 
niii of the residues times 2 jt. Hence 

J f(z) dz = lim J /(z) dz = lim f —— -f- lim f —-— dz, 

i-l J 4 + 1 J z 4 + 1 
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_ _ . .. • • 1 ^. „ T? P w o < e < TT. The limit of the first 

where D R is the semicircle, z Ke > — — , j _ ox j s t sepa- 

u jv 

since on D a 


1 


1 


1 


Z*+ 1 " 1 * 1 * “ 1 


I? 4 - 1 


by (9-8) and 


/ 

on 


1 


Z*+ 1 


dz 


tR 


= R* - 1 


Accordingly, 

jf(z)dz =J* -~-y = 2 irt{Res[/( 2 ), 2 i] + Res[/( 2 ), 2 2 ]} 
cit 

By Rule III above, the sum of the residues is 




and hence 


/. 


dx _ 


ir'^2 


_« x 4 + 1 


We now formulate the general principle: 

Thforem 49 Let /(*) be analytic in a domain D which inclxtde* the real 
axis and all of the half-plane y > 0 except far a finite number of poin J 


lim f f(R 

«-» Jo 


e*)Re w dd = 0 


(9-179) 


and 


i: 


f(x) dx (°- 18 °) 

J -«* 

exists, then 

f(x) dx = 2«| sum of residues of f(z) in the upper half-plane (9-181) 

The proof is a repetition of the reasoning used m ‘^^“exist as 
is of interest to note that, even though the integral (J 1SU) 
improper integral, condition (9-170) implies that 


/: 


lim f 

a—* J-R 


f(x) dx 


(9-182) 


exists. Thus, while the integral from 0 to + ®9 "fgoJ ° n ia y° e xtst.' This is 
to 0 may be meaningless, the symmetric limit (9-18-) may 

illustrated by 
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X* + 1 


dx 


[to which (9-179) can be shown to apply]. When (9-182) exists, it is 
termed the Cauchy principal value of the integral and is denoted by 

(P) f no dx. 


In order to apply Theorem 49. it is necessary to have simple criteria to 
guarantee that (9-179) holds. We list two such criteria here: 

I. If f(z) is rational and has a zero of order greater than 1 at , then 
(9-179) holds. 

For, when \z\ is sufficiently large, 


/M-^ r + ^ a + 


N > 1 , 


so that zf(z) has a zero at infinity. Now, by (9-75), 


I. 


f(IIe w )Rc 10 dO 


i 


so that the integral must converge to 0 as R —* oo. 

II. If g(z ) js rat tonal and has a zero of order 1 or greater at co , then (9-179) 
holds for f(z) = e"' h g(z), in > 0. 

I or a proof, and further criteria, we refer to page 115 of the treatise of 
W hit taker and \\ atson listed at the end of the chapter. The rule II makes 
possible the evaluation of the integral 


g(x)e mi - dx =■ g(.r) cos mx dx -f- i j g(x) sin mx dx, 

provided both real integrals exist. 

Example 3. The integrals 

r^dx and r^dx 

f-*J-+ 1 J-»x 2 + 1 

both exist by the Corollary to Theorem 51 of Section 6-22. Hence 

r dx = 27r* Res • i] = 

-f 1 lz- + i J c 

'Faking real and imaginary parts, we find 

J - ^ i A J _ x x~ + 1 e 

Since the first integral is an integral of an odd function, the value of 0 could 
be predicted. 
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problems 


1. Evaluate the following integrals: 


(a) 


(b) 


r_L, 

Jo 5 -r 3 SI 

r_i 

Jo 5-4 


de 


dd 


(c) 


00 


cos 0 

2. Evaluate the following integrals: 


(a) 


(b) 




(c) 


— dx 


(x 2 + l)(x- 4- 4) 

3. Evaluate the following integrals: 

/ °° COS X - 


r _i_ 

] 0 (cos 6 4- 2) 2 

r__>_ 

J 0 (3 4- cos 2 ey 
r — 1 — dx 

j-»* c + i 

r_- 1 — dx 

Jo U 2 + D* 


/■" sin 2x , 

(b) J- - dx 


■CO 


x 2 4- x 4- 1 


(c) 


00 


/*“ x 3 sin x 

Jo + l 

J x £ 2 ' 

Jo 


dx 
cos 3s 

+ D S 




4. Prove that 


r* sin x 

Jo x 


dx = \ir. 


on the real axis. Show that 

I' e u - 1 
hm / — — 
t—o J-r Z 

Ur 


dz = 0. 


Use this result end II above to conclude that 


LA --- 

f' e {t . • r. m f — dz = 0. 

S 5 }-• d2 “ ' ' 

I>r 

Accordingly, * r* e „ 'll 

fcWM-fclstt. 

The left-hand side is aero by the Cauchy Integral Theotenr. Shoe- that the nn W 
nary part of the right-hand side has the value 2 




47r 


1. (a) (b) !*, (c) ^ 


answers 

7ttV / 3 

(d) 


72 


2. (a) 


2irV3 
■ - 1 

3 


wi 


(c)f. wj 
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3. (a) - 2 -ttc-*, 
(d) — hire- 3 . 


■v/3 /— 

(b) — 2 — -ire "^sinl, 


(c) \ire cos 


9-30 Conformal mapping. As pointed out in Section 9-6, a function 
w = /(z) can be interpreted as a transformation or mapping from the z plane 
to the w plane. The term “mapping” is really justified only when the cor¬ 
respondence between z values and w values is one-to-one, i.e., to each z 
of a domain D : corresponds just one w = f(z) of a domain Du, and con¬ 
versely. The domain D w is then a distorted picture or “image” of the do¬ 
main Dr, circles in D. correspond to closed curves in D w , triangles in D z to 
curvilinear triangles in as illustrated in Fig. 9-36. 



Ii i> analytic, such a mapping has an additional property: that of 
l.cm- conjormol. A mapping from D. to D u is termed conformal if to each 
pm c! ( in \ i's m l) intersecting at angle a there corresponds a pair of curves 
n. ). 1 . 11 <■ r>.• t mg at angle a. 1 he mapping is termed conformal and sense- 

[' 1 " 'l 'he angles are equal and have the same sign, as illustrated in 

1'ig. 9-30. 

I m ouem 50. / . f tr = f(-) be analytic in the domain D z , and map D, in a 

o"<-fas I. ,„ n on a domain D . If f\z) ^ 0 in D : , then /(z) is con- 

Jorma! and scnM-prcscrving, 

z \ l ' } x( ' t) l )( ' parametric equations of a smooth 

< \n\i [ mm^ii tit O s . By proper choice of parameter (e.g., by using arc 
It ikLiih) v.c cun ensure that the tangent vector 

(h = if. _i_ : 

dt dt ^ dt 

i' n-'t 0 at Hie given curve corresponds to a curve w = w(t) in the 
w plane, with tangent vector 

die _ dw dz 
dt dz dt 

as in Section 9-13 above. Hence 
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CONFORMAL MAPPING 


oSl 


dw dw , dz 

ar e rfT = arg * + arg S' 

This equation asserts that, at u>„ = /(*„). the argiiment of the tangent vec¬ 
tor differs from that of dz/dt by the angle arg/ (*,,), which is " 
of the particular curve chosen through z„. Accordingly, a 
the curve through *„ is varied, the direction of the corresponding cur e 
through 1 <i„ must vary through the same angle (in magnitude and sig ). 

The theorem is thus established. nn -o nm nirimr 

Conversely, it can be shown that all conformal and scnse-preserv ng 

maps w = f(z) are given by analytic functions; ^^• lf 1 " 

have continuous first partial derivatives in £>.- and J - 3( “' 

in D„ then the fact that the mapping by u> =_«_+ » - jK*> ■ formal 

and sense-preserving implies that u z v v > v y !x ’ M 49^-428 (New 
[see P. Franklin, A Treatise on Advanced Calculus, pages 425-428 GSt 

York- Wiley, 1940)]. From this geometric characterization it is also cleai 
that the inverse of a one-to-one conformal, sense-preserving mapping ni> 

th ”) = P 0 r * a a pointtof tben arg f( 2 „) has " 

argument above b«k. <to™. t ^^f" ^a«o» is’not one-to°-one in any 

breaks down at z 0 and, in tact, tne nan. iui , p r nh 14 

neighborhood of 2 „, by the Corollary to theorem 48, sec also 1 rob. 14 

bCl In practice, the term “conformal" is used loosely to mean 'Wormal 
and sense-preserving”; that will be done here. It should be noted that a 

reflection, ST- the mapping «, - *, is conformal but 

Tests for onc-to-one-ncss. For the applications of “rfonnal mappmg 
it is crucial that the mapping be one-to-one in the d,oma n; chosem In 

most examples, the mapping will also be e nn an , . j j 

boundary of the domain; failure of one-to-one-ness on the boundary is less 

“"B^the Corolla,y to Theorem 48, if/'O) = 0 at some point of the domain 
then the mapping cannot be one-to-one. One should thciefore ten y . 
/'(*) * 0 in the domain as a first step. Even if h,s “ 
ping need not lie one-to-one and one must app y at i 

following are useful tests for one-to-one-ness: formula, for 

I. Explicit formula for the inverse funcUon If an exP « I °™‘ 
the inverse function a = *(») is available and one can si « 

formula, there is at most one z in D, for each w, «" ‘Irani of the 

one-to-one. For example, u, = a* is one-to-one m the first quadran ^ of the 

2 plane, for to each w there is at most one square loot % '' 111 [ yj 

As 2 varies over D„ w varies over £>„: the upper half-plane v > 0, as 

“if*, of level curves of a and v. One can vefy on^onc-nc ? 

and at the same time obtain a very clear pictuie o . g ec _ 

ting the level curves: n(* p) ^"t on« in 

tion 4-8, if for given Ci, c 2 the loci u — a, v j 

D m , then the mapping from D t to the uv plane is one o o 
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III. Onc-lo-onc-ness on the boundary. This is the test formulated in 
Theorem 48: if /(z) is analytic in C plus interior D c and one-to-one on C, 
then f(z) is one-to-one on D z . As remarked above, it is sufficient that / be 
continuous on C plus interior, and analytic on the interior; in various im¬ 
portant examples this is the case, analyticity being violated at one or more 
points on the boundary. One can also reason thus: if one can show that, 
for every simple closed curve C' approximating the boundary sufficiently 
closely,/ is one-to-one on C', then / must be one-to-one on £>,; for, if/fails 
to be one-to-one in D., then f{z x ) = /(z 2 ) for two points z u z 2 of D t . A 
curve C' sufficiently close to the boundary would enclose both z x and z 2 , so 
that the failure of one-to-one-ness would have to reveal itself on C". Other 
natural extensions of the principle will be pointed out in the examples to 
follow. 

IV. Real or imaginary part maxima and minima on the boundary. Let 
f(z) be analytic in domain //., bounded by the simple closed curve C. Let 
u = Re[/(z)] be continuous in D. plus C. If u has precisely one relative 
maximum and one relative minimum on C , then w = /(z) is one-to-one in D : . 
A similar criterion holds for v = Im[/(z)]. Furthermore, the same con¬ 
clusion holds for mappings: u = u(x, y), v = v(x, y) by nonanalytic func¬ 
tions, provided the Jacobian ./ = d(u, v)/d(x, y) is always positive (or 
always negative) in I) z . To the author’s knowledge, the (relatively simple) 
proof of this rule has not yet been published; it is his intention to publish 

one short I v. 

% 

\ . Let f(z ) = m iv be analytic in D t and let D. be convex; that is, 
for each pair of points z t , z 2 of //., lot the line segment from Z\ to z 2 lie in D t . 
If real constants a. b can be found such that 


« ~ + t S " > 0 in D. 
ox dy 

then f is one-to-one in /X (see Prob. 15 below, following Section 9-31). 

\ I. Let /(z) = u + w be analytic in D. and let D t be the half-plane: 

?/ > 0. It a complex constant c and a real number a can be found, such 
that 

Re[c(z - a)f\z)) > 0 

in ZX, then/is one-to-one in D. (see Prob. 16 below, following Section 9-31). 

9-31 Examples of conformal mapping. 

Lx ample 1. / ranslat tons. The general form is 

w = z + a + bi (a, b real constants). (9-183) 

I -ach point z is displaced through the vector a + bi, as in Fig. 9-37. 

Lx ample 2. Rotation-sin tchings. The general form is 

= -b 1 '"'z (.4, a real constants, .1 > OX 


(9-184) 
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u 


Fia. 9-37. Translation. 


Fig. 9-38. Rotation-stretching. 


If one writes . = re“, . = p °' ar ™ oldinatOS in **“ 

w plane, then one has f0-185) 

p = Ar, <t> = 6 + a. '• 

Thus distances from the origin are the^ingle a°(Fig°9-38). 

figures are rotated about the origin through the angle a 

Example 3. The general linear integral transformation: 

w = az + b ( a,b complex constants). t ^ 

This is equivalent to a rotation-stretching, as m Example 2, 
followed by a translation through the Ncctoi b. 

Example 4. The reciprocal transformation . 

1 


iv = 


(9-187) 


In polar coordinates one has 

p = 


Thus this transformation involves 
both a reflection in the real axis and 
“inversion” in the circle of radius 1 
about the origin (Fig. 9-39). Fig¬ 
ures outside the circle correspond 
to smaller ones inside. It can be 
shown that circles (including straig i 
lines, as “circles through « ) cor¬ 
respond to circles (Prob. 5 below). 
Thus the line x = 1 becomes the 

circle 

(—3T + - 1 - 


(9-188) 



_ 1 

Fig. 9-39. The transformation w - z 
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The general linear fractional transformation: 

w = az (a, b, c, d complex constants), 
cz + d 


a b 
c d 



(9-189) 


If ad — be were equal to 0, w would reduce to a constant; hence this is ruled 
out. Examples 1, 2, 3, and 4 are special cases of (9-189). Moreover, the 
general transformation (9-189) is equivalent to a succession of transforma¬ 
tions: 


1 a . be — ad 

zi = cz + d, z-> = —> io = - H- *2 

Z\ c c 


(9-190) 


of the types of Examples 3 and 4; if c = 0, (9-189) is already of type 

(9-186). . 

The transformation (9-189) is analytic except for z = -d/c. It is one- 
to-one, for Eq. (9-189) can be solved for z, to give the inverse: 


—dw + b 

z =- > 

cw — a 


(9-191) 


which is single-valued; w has a pole at z = — d/c and z has a pole at w = 
a/c; in other words, z = —d/c corresponds to w = <® and z = ® corresponds 
to w = a/c. If one includes these values, then the transformation (9-189) 
is a one-to-one transformation of the extended plane on itself. When c = 0, 
z = co corresponds to w = <». 

Since the transformations (9-190) all have the property of mapping 
circles (including straight lines) on circles, the general transformation 
(9-189) has also this property. By considering special domains bounded 
by circles and lines, one obtains a variety of interesting one-to-one map¬ 
pings. The following three are important cases: 

Example 6. Unit circle on unit circle. The transformations 


w = c to —-— (« real, [z () | < 1) (9-192) 

1 — ZoZ 

all map 'zi ^ 1 on \iv\ ^1 and every linear fractional (or even one-to-one 
conformal) transformation of |z| g 1 on |ic| ^ 1 has this form (see Prob. 
11 below). 


Example 7. Half-plane on half-plane. The transformations 

w = OZ - — (a, b, c, d real and ad — be > 0) (9-193) 

cz + d 

all map Im(z) ^ 0 on Im(uA ^ 0 and every linear fractional transformation 
of Im(z) =2 0 on Im(it') is 0 has this form (see Prob. 12 below). 
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w 


— 


Z — Z o 
Z — Zq 


(a real, Im(z 0 ) > °) 


(9-194) 


. . , < , and eV erv linear fractional transformation of 

Son ^|Tl hislhis form fsee Proh. 13 below). 

Example 9. The transformation (9 _ 1<)5) 

w = z 2 . 

h{US p = r 2 , <t> = 2d. (9 196) 

Thus each sector in the z^e^ 

the positive real axis, as sl '°"" has at most one square root m D„ 

of w arc negatives of each other, c structure of the level curves. 

bo that the mapping is one-to-one. 

* - «* - V* - ^nst ( . = 2ry = const, 

shown in Fig. 

st:^r throu8h th ; 

origin; hence u> = for z = 0 and that the mapping is not 

It should be noted that dw/d curves are doubled. 

conformal at this point; the angles between 



Example 10. The transformations 


Here the inverse z = tv 


w = z" (n = 2, 3, 4, . • •)• 

= J* is »-valued. In polar coordinates 

p = r n , <t> = 7, d> 


(9-197) 


(9-198) 
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so that each sector is expanded by a factor of n. One obtains a one-to-one 
mapping by restricting to a sector: 0 < argz < 2v/n, as illustrated in 
Fig. 9-41. The one-to-one-ness follows from the explicit formula: 

r=V~ P , 0 = ^. 0 < 0 < 2x (9-199) 

n 

for the inverse function, or by one of the other tests. Actually n need not 
be an integer; for n any positive real number, exactly the same results hold. 


y 



Fig. 9-41. The transformation w = z n . 


Example 11. The exponential transformation 

ir = c‘. (9-200) 

Hero the inverse z = log w has infinitely many values. In polar coor¬ 
dinates: 


P = c T , 0=?/ + 2mr (n = 0, 1, 2, . . .). 


(9-201) 


I his shows that lines .r — const, in the z plane become circles p = const, in 
the ir plane, while lines // = const, become rays: 4> = const. One obtains a 
one-to-one mapping by restricting z to a strip: -tt < y < which is then 
mapped onto the ir plane minus the negative real axis, as shown in Fig. 9-42. 

Example 12. ’The transformation 


w = sin z. 


Here the inverse 


(9-202) 


- = sin 1 ir = log (iir +\ T - ,+) 


IS 

si 


infinite! 
rift ing z 


y multiple-valued. One obtains a one-to-one mapping by re- 
to the fetrip — \w < .r < as the structure of the level curves 
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examples of CONFORMAL mapping 

y 


58' 


v-0 


u = 0 



v = 0 


u-0 



Fig. 9-42. The transformation w - e . 



Fig. 9-43- The transformation w - sin z 


of Fig. <M3 reveals. One ^ 

r + v^“ s <>-— 

inside each such rectangle, and accord.ngly in the 
also applicable, with a - 1 and 


Example 13. The transformation 


w = z + i 
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The inverse is the two-valued solution of the quadratic equation 

If 

z 2 — zw -j- 1 = 0. 

The mapping is one-to-one in the domain: \z\ > 1, as the accompanying 
Fig. 9-44 reveals (see also Prob. 3 following Section 9-36). 

A variety of other mappings can be obtained by applying first one of the 
above mappings and then a second one, since an analytic function of an 
analytic function is analytic. Also each of the inverses of the above 
transformations is analytic and one-to-one in the appropriate domain in 
the w plane. A discussion of general classes of mappings is given in Sec¬ 
tion 9-37. 


in in 
—« cm c4 




v-0.25 

v—0.25 
Ve-0.5 

V = —1 


-2 


m m 
« n w 


V 



Fig. 9-44. The transformation w = z + -• 

z 


PROBLEMS 

1. Determine the images of the circle |z - l| = 1 and the line y = 1 under the 
following transformations: 

00 w = 2z (c) w = 2 iz (e) w = Z -^A 

1 z — i 

(l>) U- = z + 3f - 1 til) u- = - (f) u , = Z 2 


2. For each of the following transformations verify that the transformation 
is one-to-one in the given domain, determine the corresponding domain in the to 
plane, and plot the level curves of u and v: 


(a) w = vT = Vre* 19 , -rr < 0 < tt; 


z + i’ 


(c) W = -. 1 < X < 2; 

z 

(d) w = Log z, Im(z) > 0; 


(h) w 


kl < i; 
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EXAMPLES OF CONFORMAL MAPPING 


5S9 


(e) w = Log Im(z) > 0; [Hint: use test VI, with c = f and a - 0.) 

(f) w = z + 1, Im(z) > 0; [Hint: use test VI with c = end a = 0.) 

(g) w = z —> \A > i; 

Z 

00 w = Leg-A _ 2 Log z, Im(z) > 0, [Hint: use test V, with a = 0 and 

Z 1 1 

b = - 1.1 

(i) w = e’ + z, -* < >J < *■ 

3. Verify the mapping onto the domain shown and the level curves of u and . 

for the transformations of 

(a) Fig. 9-40, (b) Fig. Ml, (e) Fig. 9-42, (d) F,g. 9-43. (e) F,g. 9-44. 

4. By combining particular transformations given above determine a one-tmone 
conformal mapping of 

8£££!£#<^" >°TiS<““»<-■ > °' 0; 

(B) the half-plane x + y+ 1 > 0 on the quadrant « > 0, i > 

5. (a) Show that the equation of an arbitrary circle or straight hoc can >e 
written in the form 

azz + bz + bz + c = 0 (a, c real). 

(b) Using the result of (a), show that circles or lines become circles or hnes under 
the transformation w — l/z- 

o If „ = /(z) is a linear fractional function (9-189), show that/'(z) * 0. 

the domain of the corresponding mapping m Lxamples 1 , , 

(a) w = e‘, (b) w = sin 2 , (c) w = z + -• 

formation is linear f ractional. 

(b) Show that, if 


U'l = 


az + b 


V'z = 


filial + fcl 


CZ + d * C\Wi + (it 

are linear fractional transformations: u’. = ^lima^flac- 

ti,' • .f fou, "."I'''' d ' n ° Md ... 

is defined as follows: 
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[Zi, z,, Zi, z 4 ] 


Zl — Zj 

Zl — z« 


Zi — Z 3 
Zi — z* 


This is meaningful, provided at least three of the four numbers are distinct; if 
Zi = Zi or Zi = z 3 it has the value <»; the expression remains meaningful if one, but 
only one, of the numbers is ®. 

(a) Prove that, if Zi, z 2 , z 3 are distinct, then 

W = [Z, Zi, Zi, z 3 ] 


defines a linear fractional function of z. 

(b) Prove that, if tc = /(z) is a linear fractional function and Wi = /(zi), 
w> = f(Zi), wz = /(z 3 ), Wi = /(z 4 ), then 

[Zl, Zi, Zi, Zi\ = [tPl, Wi, W 3 , U? 4 ], 

provided at least three of Zi, Zi, z s , z 4 are distinct. Thus the cross-ratio is invariant 
under a linear fractional transformation. 

(c) Let Zi, Zi, Zi be distinct and let Wi, te 2 , w 3 be distinct. Prove that there is one 
and only one linear fractional transformation w = /(z) such that /(zO = W\, 
f(z-i) = Wi, /(z 3 ) = w 3 , namely the transformation defined by the equation 

[z, Zl, Zj, Zj] = [w, U? 1 , W 2 , tea]. 

(d) Using the result of (c) find linear fractional transformations taking each of 
the following triples of z values into the corresponding w's: 

(i) z = 1, t, 0; w = 0, t, 1; 

(ii) z = 0, ®, 1; te = ®, 0, i. 


10. lot C be a circle of radius a and center Q. Points P, P’ are said to be in¬ 
verses of each other with respect to C if P is on the segment QP' or P' is on QP and 
QP ■ QP’ = a-. Q and <» are also considered as a pair of inverse points. If C is 
a straight line, points P, P ' symmetric with respect to C are called inverses of each 
other. 

(a) Prove: P. P' are inverses with respect to C, if and only if every circle through 
/*, P‘ cuts C at right angles. 

(b) Prove: if P, P’ are inverses with respect to C and a linear fractional trans¬ 
formation is applied, taking P to P u P’ to P\, C to C\, then Pi, P[ are inverses with 
respect to C t. [Hint: use (a), noting that circles become circles and right angles 
become right angles under a linear fractional transformation.] 

11. (a) Let w = f(z) be a linear fractional transformation mapping |z| ^ 1 on 

|if| 1. Prove that/(z) has the form (9-192). [Hint: let z 0 map on w = 0. By 

Prob. 10(b) l/z 0 must map on w = The point z = 1 must map on a point 
w = c' 1 ’. Take Zi = 1, z- = Zo, z 3 = l/z 0 in 9(c).] 

(b) Prove that every transformation (9-192) maps |z| ^ 1 on |u;| ^ 1. 

12. Prove that every linear fractional transformation of Im(z) t 0 onto 
Im(ic) 5 0 has the form (9-193) and that every transformation (9-193) maps 
1 111 ( 2 ) > 0 onto Im(ie) ^ 0. 

13. Prove that cver>* linear fractional transformation of Im(z) ^ 0 on |w| ^ 1 
has form (9-194) and that every transformation (9-194) maps Im(z) ^ 0 onto 

[wi ^ 1. 

14. T-et ic = f(z) be analytic at z 0 and let /'(z 0 ) =0, ..., / (B) (z 0 ) = 0, 

/' ‘ + ’ ,) * 9. Prove that angles between curves intersecting at z 0 are multiplied 

by n + 1 under the transformation jp = /(;). [Hint: by Prob. 11 following Section 
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1-17, the tangent vector to the curve * = M01 «n ho computed as the (n + D-* 
derivative of w with respect to t. Thus 

dw 


dt 


dw dz dho = dw ^ 
dt' dt- dz dt- dz 


V / dz\ 
lz- \dtj 


dho 


dz 


ar e w + 2 arg dt 


If n = 1, the tangent at w 0 — /l 2 (^)l > s 

r r-w _ (Pw fdzV <r-xv 

Ip ~ dz 2 \dt) ’ 

so that angles are doubled.] 

,5. Prove the validity of test V. (Hint: let r = a + ib. Let z, and * - 
Zl _p re ia be distinct points of D. Then ^ 

c(/te) - /<*.» - c£r w * - *-j[ ^' (2) 

where z = z, + on the ££ " ^ 

V “ L 2 <1Ma 

PP -:r the vaUdity of ^..IHint: ae* - " ’ 

ZXt>0 to th/domain: 0 < Imfz.) < a. Now apply test V.) 


answers 

(b) 27T + T17T (n = 0, ± 1, 

2 -- (ii) u- = ; 

(1 - 2i)z - 1 2 


...), (0 ±1 


7 . (a) none, 

9 . (d) (i) w 

-5® ( sr, rrsJ* 

following problem, known as field theory, heat conduction, and 

'» jm «/««*»»<'■»> " a ™ < "" ca " 

to Th ff e^^ir 8 "l«r^ t„ the boundary values. 11 will be 
seen immediately how it can be made more p s j m p|<‘ closed curve C, 

as ^ ^ e,Vi, ‘ B 

a function h(z) for 2 on C and requir¬ 
ing that u = h on C. If h is con¬ 
tinuous, the natural formulation ot 
the problem is to require that u(x, y) 
be harmonic in D, continuous m D 
plus C, and equal to h on C. It n 
is piecewise continuous, it is natural 
to require that u be harmonic in D, 
continuous in D plus C, except where 
h is discontinuous, and equal to h 
except at the points of discontinuity. 



Fig. 9-45. Dirichlet problem. 
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If c is a circle, \z\ = R, the problem is solved by the Poisson integral 
formula of Section 9-22. For example, if R = 1, h can be written as h{6) 
and 

, _ 1 r (i - r2)h(e) 

u{r 0 , 0o) 2r J o l + r *_ 2r cos (0 O - 0 ) 


dd 


(9-203) 


defines a function harmonic in \z\ < 1. If h(d) is continuous and we define 
u( 1,0) to be h(6), then u can be shown to be continuous for \z\ ^ 1 and 
therefore satisfies all conditions. If h(d) is discontinuous, the same pro¬ 
cedure is successful and (9-203) again provides a solution. 

While the formula (9-203) does provide a solution of the problem, we 
must also ask: is this the only solution? The answer is yes, when h is 
continuous for |z| = 1; the answer is no if h has discontinuities. In the 
latter case (9-203) provides a solution u(x, y) which is bounded for \z\ < I, 
and it can be shown that this is the only bounded solution. With the sup¬ 
plementary requirement that the solution be bounded, (9-203) provides 
the one and only solution. 

Now let D be a domain bounded by C as in Fig. 9-45 and let us suppose 
that a one-to-one conformal mapping: z\ = f[z) of D onto the circular do¬ 
main \zi\ < 1 has been found and that this mapping is also continuous and 
one-to-one on D plus C, taking C to |ci| = 1. By assigning to each point 
2 ! on | 2 i| = 1 the value of h at the corresponding point on C, we obtain 
boundary values /ii(zi) on |zi| = 1. Let m(zi) solve the Dirichlet problem 


for ]zi| < 1 with these boundary values. Then u[f(z)] is harmonic in D aiul 
solves the giv( n DirichU t probhm in I). For u(z x ) can be written as Re[F(zi)) 
where /•’ is analytic and «I/(z)) = RejFl/fz)] j ; i.e., w[/(z)] is the real part of 
an analvtic function in 1). Hence u is harmonic in D. Since continuous 
functions of continuous functions are continuous, ?/[/(z)] will have the 
proper behavior on the boundary C and hence docs solve the problem. 

Accordingly, conformal mapping appears as a powerful tool for solution 
of the Dirichlet problem. For any domain which can be mapped con¬ 
formally and one-to-one on the circle |z| < 1, the problem is explicitly 
solved by (9-203). It can be shown that every simply connected domain D 
can b< mapped in a one-to-one conformal manner on the circular domain: 
|z| < 1. provided 1) dot s not consist of the entire z-planc. Furthermore, if D 
is bon nib d by a simple closed curve C , the mapping can always be defined cm C 
so as to amain continuous and one-to-one. For proofs of these theorems 
and of the asserted properties of the Poisson integral formula (9-203), one 
is referred to the book of Kellogg listed at the end of the chapter. 

There now remains the question of how to map a particular simply con¬ 
nected domain I) onto a circular domain. Further information on this is 
given in Section 9-37 below. We shall not consider extension of the 
theory to multiply connected domains. 


9-33 Dirichlet problem for the half-plane. Since the transformation 


z i — i 

IZ = -— - 

Z\ + l 


(9-204) 
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9.33] DIRICHLET PROBLEM FOR THE HALF PLANE 

ma ps the domain W < 1 on 

diately solved. 

We consider first several examples. 



u = arg 2 = 0 , O^O^n 

clearly satisfies all conditions. It is harmonic in the upper half-plane, since 

&rg z = 0 = Im(Log z ), 

IX C b °ou“v™«- b F— 0 <r< t°in X the^^er'haSane. 

so that the solution is bounded. 


u = h(l — 


so that tne soiuuvn *o - 

^TiXy =t x y <rThe XuZXZlZZn 

arK-Z^, () g arg2 ^ 7T. 

Tins function is again harmonic and has the proper boundary values.^ ^ 
x™u = 0 te i - O.T<x,-« f£. “ X translation reduces this 

to Example 2: 

„ - * (i - 

0 ^ arg(z - 21 ) ^ *■; z ‘ = Xl + ° 1 '- 


Example 4. u(x,y) harmonic for 
?/ > 0; u = h = const, for y - u > 
x, < x < x?; u = 0 for 2/ = 0. x < Xl 
and x > x 2 ; see Fig. 9-48. The 
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solution is obtained by subtracting two solutions of the type of Example 3: 

u — h ^1 

= - [arg(z — z 2 ) — arg(z — zO] = - arg --(9-205) 

7r 7 T Z Z\ 

The result has an interesting geometric interpretation, for 


arg(z — z,) 


7T 


M 1 " 


arg (z — z 2 ) 


) 


arg --— = ^, 0 < \J/ < 7r, 

z — Zl 

where is the angle shown in Fig. 9-48. Accordingly 

h\p 

u - - 

7T 

One can directly verify the boundary values on the figure. 

Remark. Examples 1, 2, and 3 can be regarded as limiting cases of 
Example 4. In Example 1, Xi = — °°, x 2 = 0, and h = t, so that \f/ be¬ 
comes the angle 0. as shown in Fig. 9-46. and u = \f/ = d. In Example 3, 
x-i = + a>; the angle ^ is shown in Fig. 9-47. 

Example 5. u(r, ij) harmonic for y > 0; u = h n = const, for y = 0, 
x.< x tl ; it = hi for y = 0, x 0 < x < Xi; u = h> for y = 0, Xi < x < x 2 ; 
...;« = /(„ for y = 0. .r„_ I < x < x„: u = h „+1 for y = 0, x > x„ as in 
Fig. 9-49. The solution is obtained by addition of solutions of problems 
like those in the previous examples: 


| 2 — Z i 

" = h » arg (z - 2 0 ) + fh arg -+ • • • + h n arg 

7T L z — z o 


40 2 — 2 n -l 

4- /i»+i 1 it - arg(z - z„) 1 ]; (9-206) 


It — [/I.,*, -f- -+-••• + h nf-l'p n-f l]> 0 5= = 7T> 0 ^ ^1 ^ IT, . . . . 

T (9-207) 

The angles \p „ . . . . are shown 
in Fig. 9—19. The sum of these 
angles i.s 7 r: therefore u is the 
weighted mean of the numbers 
hr,, h\, .... h nt \ and hence 

h ' g m ^ h", (9 208) «- 

where/)' is the smallest of these Fig. 9-49 

numbers and h" is the largest. 

Now let //„ = 0. h, it 1 = 0. Let z be fixed in the upper half-plane and 
lot t ~f Of be a variable point on the x axis: write 



g(l) = arg[z - {t + Of)], 

where the angle is always taken between 0 and it. Then (9-206) can be 
written thus: 
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dirichlet problem for the half plane 
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„ = 1 {hl [g(U) - <7«o)l + - 9(h)] + • • • + 

. n limit. „ _»o3 • the expression suggests 
This formula suggests passage to the hm d (w th the aid of the 

an integral. In fact, the expression can be intei preicu i 

law of the mean) as a sum 


u = - l h(h)g\t\) Ai< +-1" h(t n )g\t n ) AJ) 

7r 


Which (under appropriate assumptions) converges as n — to an integral: 

* 


«=i/ 


h(t)g'(t) dt. 


Now 


oft) = arg[z - (i + «)1 = arc tan 


V 


so that 


< 7'(0 = 


y 


(x - 0* + y 2 

We are thus led to the formula: 

u(x, y) — z f 


h(t)y 


dt 


(9-209) 


(x - 0 2 + y* 

as the expression for a harmonic ft,notion in 
"nda^ UC We gercomplete generality by letting 

l r h(t)y - dt (9-210) 

«(x, y) - - J x (x -ty + y* 

This integral is easily shown to converge l^dcd^ '^pZZ,lnl'^1 

0 "" K * 

transforms (9-203) into (9-210). (0-*>l 0 ) is the formula (9-206), 

(Ltion 4-2) for eva.ua- 

tion of the integral (9-210). , , 

boundary ^ ^ * 

half-plane and finds it to be gi\ cn by 

z, = sin z, 

as in Example 12 of Section 9-31. 

Under this mapping, z = - maps 

on z, = - 1, z = on f* “ 1 
and the whole boundary onto the 
real axis of the z, plane. The new 
problem in the z, plane requires a 



•*» x 
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function u harmonic in the upper half-plane, with boundary values: w = 2 
for _ i < a;, < 1, u = 0 for x, > 1 and for z 1 < 0. This is solved as m 

Example 4 above by (9—205). Hence 


and, in the z plane, 


2 z i — l 

w = _ arg 

7T Z\ + 1 

2 sin z — 1 

u = - arg --— 

7T sin z + 1 


To apply this formula, the simplest procedure is to use the diagram of Fig. 
9-43, showing the mapping from the z plane to the Z\ plane. For each z, we 
locate the corresponding z x = sin z, measure the angle 

«i — 1 

* = arg z7+T 

as in Fig. 9-48, and divide by \ ir. The answer can also be written explicitly 
in real form: 

sin 2 — 1 


Im 


u = - arc tan 

7T 


sin 2 + 1 


He 


sin 2—1 
sin 2 + 1 

— 2 cos x sinh y 


= - arc tan -r~z - - —; „ . „ . . o , 

t r sin- x cosh- y + cos- x smh- y — 1 


Example 7. u(x, y) harmonic for 
|zr| < 1. u = 1 for r = 1, a < 6 < d 
as in Fig. 9-51; u = 0 on the rest 
of the boundary. The function 

is 

_ £ _ £_ 


2, = C 


z — c 


lit 


maps |z| < 1 on the half-plane 
lm^) > 0. The point c ,a has as 
image z\ = <* •, the point has as 
image z ( = 0: the arc a < 0 < i3 
corresponds to the negative real 
axis in the 2 i plane. Thus the solu¬ 
tion is given by 



1 1 [ \ a ~ ( ' s ~\ 
u = - arg 2 i = — arg c J 3 ‘-- 

7T 7T L 2 — r to J 


(9-211) 


This rather clumsy formula is the formula for the circle corresponding to 
(!) 205) for the half-plane. By use of geometry, this can be written in the 
much simpler form: 


u = 


2tt 


(9-212) 
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. i_| i determined bv the chord.-' 

where s is the arc length of the arc on ! I 

through and 2 and through c^ and 2 ; seel ig- • • . 

.... ”“*~ l 

formula (9-203): 


I 


d) 


< id. 


(9-213) 


The integration, though awkward, ran he carried out [Prob. 31(0 follow- 
ing Section 0-9]. 


y 



y 



PP.OBLEMS 

I- Solve the r?»o*to g t« S 3. 5 : 

(a) ““:"-;orO< I <l. -aU, - 0 - - > >• 

V 0+ , •. _ i for 0 < y < 1, bm u(x, y) = 0 for y > \. 

lull u(z, if) — 1 ,or u ^ J x —0 + 

x-*o + 

See Fig. 9-52. . tor: 0 < 0 < \v, with boundary values 

(b) u harmonic and bo untied _ - p . g _- 3 

1 on the x axis and 0 on the line y ’ 2 jr, with limiting value of 1 as z ap- 

(c) u harmonic and bounded for < « h ilf- p l tt ne and - 1 as z approaches 

proaches the positive real axis from \ 

the positive real axis from the lower 1 1 0 < y < 1 with boundary values 0 

for^VTrO and fm‘r" b‘ < <> ^ 2 ** ^ ^ “ 

and hounded in the —■ 0 <•<-'>> with ho..ary 

values of 1 on the real axis and 1 o 

2. (a) Verify that the transformation 

w = 2 Log z z 

^ the halt-plane I,n W > 0 in a one-hcone^ntor.na, m anner on the . plane 

,nin ( ;'d p"‘iift v «.e 

idealized as two halManes pen^t^ difference between the plates is ( o, t >a is, 
u < 0, and i; = U, u s u, » Vl1 1 
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solve the boundary value problem: U(u, a) = Uo for u < 0 and f (u, 0) = 0 for 
u < o, U(u, v) harmonic in the remaining portion of the uv plane. 

3. (a) Show that the transformation xu = z 2 maps the domain: Im(z) > 1 m a 
one-to-one conformal manner on the parabolic domain 


(b) Let a solid be idealized as an infinite cylinder perpendicular to the uv plane, 
whose cross section in the uv plane is the region u ^ v 2 . Let this solid be in tempera¬ 
ture equilibrium, with temperatures 7\ maintained on the part of the boundary sur¬ 
face where v > 0 and T« where v < 0. Find the temperature distribution inside 
the solid; that is, solve the boundary value problem: T(u, v) harmonic for u < c 2 
with boundary values T(u, v) = T t for u = v-, v > 0, and T(u, v) = Tz for u = v, 
v < 0. 


4. (a) Verify that the functions (in polar coordinates) 

r n cos nO, r n sin nO (n = 0, 1, 2, .. . ) 


are harmonic for r < 1 and have the boundary values cos nd, sin n0 for r = 1. 

(b) Let h(0) be continuous and have period 2 tt and let its Fourier series converge 
to h(0) for all 0: 

/|(0) = \o 0 cos sin nd), 

n ~ l 


On 



h(0 ) cos nO rldy 



1 


t r 



h(0) sin nO dd. 


Solve the boundary value problem: u(r % 0) harmonic for r < 1, lim ?/(r, 0) = h(6) 
as r —> l. (Hint: use the result of (a) to construct the function 


•jj 

u = +2^ (u-.r” cos 7i0 + b„r n sin /i0). 

n - 1 

Verify convergence to h(0) with the aid of the remark following Theorem 36 in 
Section 0-15.) 


5. (a) Verify that the function (9-206) lias the limiting value + kj+\) if 
the point (x, y) approaches the point (.r ; , 0) along the line x = x Jy y > 0. 

(i>) What is the limiting value if the approach to U,. 0) is along a line making an 
angle a > 0 with the positive x direction? 

(c) l)i<cu<s the limiting values of the function (9-210) as (.t\ //) —► (6,0) at a 
point of discontinuity 6 of M0. 

Remark. Problem 5 has an analogue in terms of the Poisson integral formula for 
the circle. As Problem I suggests, the topic is closely related to Fourier series. 
Actually, the properties of the Poisson integral stated in Section 9-32 above imply 
that, if h{0) is piecewise continuous, then for the series obtained in Prob. 4(b) 


lim u(r, 0) = /i(<? 0 ) 

r—* | 

O—Oo 

at every point of continuity of h(0) and 


lim ?/(r. 0 0 ) 

r—1 


He o+) + h(Oo-) 
*> 


9-341 
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M. J 

at each point of discontinuity of *(«. The Fourier serte for A(t) 

verge to fc(8) for all 0 under these assumpt.o^, I ut the funct.on can W u 

from the series by multiplying the terms by r" and lettmg 
called Poisson (or Abel) summation of the sei ie*. 

6. Show that the Poisson integral formula (^203) 
formula (9-210) for the half-plane, .f the mrole \z\ < 1 .s mapped on 

Im(z') > 0 by the equation 


z = i 


.1 _±J 

1 - z 


h(z) dd, 


[Hint: write (9-203) in the form 

1 f 2 ’ 20 + 

u = Re[/(zo)I, /(*>) = 2 * Jo No¬ 
where a = e ». The change of variable must be made both for z. and for z: 


Show that /(zo) becomes 


i rt_i_ L-\hMdt 


where hi(t) = fc[z(01*l 


answers 


1 z- - 1 
1. (a) - arg - 


2 e 

(d) 2-arg 


z*+ 1 
'* - 1 


(b) - (it — arg z‘)» 
*2 (z - »Y 

(c) i ---g^in; 


(c) 1 _ - (0 < 0 < 2tt), 

7T 


W ^ ^ 411 b i' ' ' 7T -r i / 

The argument functions arc all taken between 0 and it. 


2 (b) V = *1° urg 2 , where z is the inverse of the function 

7 7T 

= — (2 Log z - z 2 + 1), !•«(*) > °* 

2ir 

3 . Ti + T'* ~_Zj arg( V^uT^T - i); the square root is chosen to have imagi¬ 
nary part > 1 and the arg is chosen between 0 and ir. 

5. (b) [ah, + (tt - a)hj+i]/ir. 

9-34 Conformal mapping in hydrodynamics. A> P omt(<1 
tion 9-22, the conditions 

div V = 0, curl V = 0 

. , a fiaU v - «i - wi are the same as the Cauchy- 

for a two-dimensional vector field V complex function u + iv - 

Riemann equations for u and a, so that the complex 
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f(z) is analytic. By Section 5-15, these equations therefore describe an 
incompressible, irrotational, steady two-dimensional fluid motion. 

If we restrict attention to a simply connected domain. then/(z) has an 
indefinite integral F(z) (determined up to a constant). If we write 

F = <j>(x, y) + ii(x, y), 


then 



i — = u + iv. 

dy 


Hence 



30 

dy 


or 



Tlie function 0 is termed the velocity potential and F(z) is termed the 
complex velocity potential. We can write 


30 .30 

/' (*) = " + » T = U “ lv - 
Ox dy 

Hence the, conjugate of the derivative of the complex velocity potential is the 
velocity vector. 

The lines 0 (j\ y) = const are called erjuipotcntial lines: they are orthog¬ 
onal to the velocity vector grad 0 at each point. The lines 0(x, y) = const 
are called stream lines: the velocity vector is tangent to such a line at each 
point, so that these lines can be considered as paths of actual fluid particles. 

Conformal mapping can be applied to hydrodynamics problems in sev¬ 
eral ways. First of all. particular problems can l>e formulated as boundary 
value problems and solved with the aid of conformal mapping as in the 
preceding section. Second, starting with a known flow pattern, one can 
obtain a variety of others in an empirical way by simply applying different 
conformal t ransformations. 

We treat here briefly only one example of the first type. We consider 
the problem of flow past an obstacle, as suggested in Fig. 9-54. The 
domain l) of the flow is the exterior 
of a (piecewise smooth) simple closed 
curve C. Since the domain is not 
simply connected, we cannot be 
sun* that there is a (single-valued) 
complex potential F{z). It will turn 
out that, if we make an appropriate 
assumption about the flow “at 
then F(z) does exist. The natural 
assumption is that tin* (low ap¬ 
proaches a uniform flow at constant 
velocity at <» . Hence/(z) = F\z) 
is analytic at ; 
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001 


a_i . ^-2 i 

f(z) = ao + — + -Jf + ' ■ ■ ’ 
F(z) = const + aoz + «-i log 2 “ 


z| > R, 

fl - 2 + • • •, \z\ > R’ 


If F(z) is to be single-valued, the term in log * must not be present; hence 
we also assume the flow to be such that ci-i - 0, so 


/(z) = a.. + T7 + 


yi 

A 


(9-214) 

F(z) = const + Qi>z — a - 2 * -1 d - 

The constant«. is preciseiy the value of/at - , so that is the velocity of 

the limiting uniform flow. 

The stream function \p = lm\t (2)1 
is constant along C, since (in the 
absence of viscosity) the velocity 
vector must be tangent to C. It 
would be natural to formulate a 
boundary value problem for but 
it is simpler to remark that the as¬ 
sumption (9-214) about the be¬ 
havior of F(z) at oo and the condition: 

Im[F(z)l = const on C imply that 
Z\ = F(z) maps D in a one-to-one 
conformal manner onto a domain i 
of the z, plane. This is established 

* • - _i _ 


♦ *i 


Fig. 9-55. Slit-domain. 


of the z, plane. This is estal lL c ^ Mow) Since I m ( 2l ) = y x is oon- 

by the argument principle ( • segment >jx = const in the x,//i 

slant on C, the .mage of C must boa 1 J™ mn J a M as in Fig.« 5S. 

plane; thus Di consists of th mans 1) in one-to-one fashion on 

S:the y n Fmust *3 ,“.o 

Example. Let C be the circle: 1*1 - b Thcn 

2l = a„ (* + 1) = P(r) rca l> 

TlecboT^f^'"tMs L^an 

the circle. The stream function is 


i/' = a 0 i/ — ao 


V 


x 2 + I/ 2 ’ 

the stream lines are shown in Fig- ® ^ °° , a mapping fillic¬ 
it can be shown that, given -C and the velo is uniq uely detof 
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tor F'(z)]. A similar theorem holds for flow past several obstacles, bounded 
by curves C u ... ,C„; the complex velocity potential maps the domain of 
the flow onto the z, plane minus n slits. For proofs one is referred to the 
book of Courant listed below. 


9-35 Applications of conformal mapping in the theory of elasticity. 

Two-dimensional problems in the theory of elasticity are reducible to solu¬ 
tion of the biharmonic equation 

V*l T = 0 ( 9 - 215 ) 

(Section 2-11). The function U is Airy's stress function; its second deriva¬ 
tives 

<r-r a g r d*u 

dx- dx dy dy- 

give components of the stress tensor , which describes the forces acting on an 
arbitrary plane cross section of the solid being studied. 

Solution of (9-215) in a domain I) is equivalent to solution of two equa¬ 
tions: 

VH T = P, V'-P = 0 . 

The solutions P of the second equation are harmonic functions. Further¬ 
more', if ( 'i, t ’■> satisfy the first equation for given P, then 

v*(r, - r,) = p - p = o; 

hence the solutions of the first equation are of form 

r> -f W, 


where f, is a particular solution and IT is harmonic. Now let harmonic 
functions u and ” be chosen, if possible, so that 


Then 


dll _ p _ dc 
a.r dy 


V-(xu -f yr) = x V-u + 2 + y V n -v + 2 — = 4 P. 

dx dy 


Hem 


f 'i = V(xm 4- yv) 


is till' desired particular solution, provided u and v can be found. If D is 
simply connected, one can choose Q so that P 4- iQ = F(z) is analytic in 
D\ then 


m 4- iv = f(=) = j F(z) dz 


1<'fines (up to additive constants) harmonic functions u and a such that 
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G03 


du _ dv _ p 
dx dy 


and Ui can be written as follows: 

l T x = J-(xm + yv) = }Rc[z/(z)]. 

Finally, the solutions V of (9-215) can be written thus: 

[z) 


U = Ux + 


W = Rep^ + 


. , j • // \ on ,| wo hnve the conclusion. If 

The factor of \ can be absorbed in f(z) 

and g(z) are analytic in domain D, then 

V = HeWW + »«1 (9_ - 1G) 

is marine in D: if D i. simply connect, then all Kharmaaic fusions 

in D can be represented in this foi "*• function l ’ can be formulated 

The boundary value problems foi • ig mappe d conformally on 

in terms of the analytic functions / a g • . boundary value 

a second domain D„ the problem » such as the half- 

problem for D x . By mapping o » * simpler one. Hence, just 

plane or unit circle, we reduce the P^em to a simp rful aid TUe 

as for the Dirichlet problem, conformal mapp > , ti[ . f un etions, 

importance of (9-216) is that of ' a. iables is made. A hi- 

which remain analytic if a (on o < j n biharmonic under such a 

harmonic function does not in general rema.n 

transformation. to elasticity one is referred to 

For further details on the opphcat.ons to ems > ( g Sokolnikoff 

Chapter V of Mathematical / won/ "{, 0| . sitv 1941 ); also to a paper by 

(mimeographed lectures 3 “* 2 ®f°v ol 2, Quarterly of Applied Mathematics 
V. Morkovm, pp. 350-352 oi > 01 > ** 

(1944). 

9-36 Further aP^^ associated 

witK Laplace^equation or the more general Poisson elation 


d*u 
dx 2 


+ S - *'• 


(9-217) 


in the plane. The crucial be' tmns- 

under conformal mapping- > disadvantage is usually offset by 

formed in a complicated matrne,t this n ^ d ; n \ p| f rol , riatc .napping- 

the possibility of simplifying possibilities and refer to the books 

We mention here one examp^ jif the po^.m. ^ ^ <)f (he c . ha pter for 

of Kellogg and Frank and von find a function u(x, y) harmonic 

further information, bet it 1 1 , • j e dosed curve C and satis- 

in a given domain D '“'“^Vlm” 5^ vah.es *(,. »> on an arc of C; 
fying the boundary conditions, u la • fc> 
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du/On = 0 on the rest of C, where n is the normal vector to C. The condi¬ 
tion du/dn = 0 is equivalent to the condition that the conjugate function v 
is constant on C: hence this condition is invariant under conformal mapping. 

To solve the problem, we map I), if possible, on the quarter-plane: 
a*i > 0 , t/i > 0 , so that, the arc on which du/dn = 0 becomes the ij\ axis. 
The function h(x, y) becomes a function Ai(xi), giving the values of u for 
y 1 = °- now s °Ive the boundary value problem: w(xi, y,) harmonic in 
the upper half-plane; u(x,, 0) = /,(x,) for x, > 0 and «(x,, 0) = h(-Xx) for 
xi < 0. In other words, we reflect the boundary values in the line Xi = 0. 
I he function u obtained is harmonic in the quarter-plane and has the 
correct boundary values for xi > 0 . Furthermore, ( 9 - 210 ) shows that 
"(>i. V i) = u( — X|, iji), that is, u shows the same svmmetiy as the boundary 
values. This implies that du/dx^ = 0 for x, = 0, that is, du/dn = 0 on 
the boundary of the quarter-plane. Accordingly, u satisfies all conditions. 
It we return to the xy plane, u becomes a function of x and y which solves 
the given boundary value problem. This can be shown to be the only 
bounded solution, provided h is piecewise continuous. 


1. Prove that 


PROBLEMS 


^(z) - do ^20*'* + + const (a real) 


1 i n 'T'rr ronf ?, nnal manncr on a rfit flomnin /), (this is the 
® em ,al M "' , ‘ In; T>- Interpret b as a complex velocity potential. 

2. Show that the vector 

V = (\ + -JL -rL~ !r ) ixL-? 2 xv \ . 

\ r-rr U= + >J'T) + U’ + !/ ; cF+ ,/)>) 1 

h.hI the st,,,„„ lumtiun, ami plot .<t,cam lines. ‘ P0,< ' n "' J 

I ml l'(z) 1 = t nil r m ' “ • . , 1 1 u) 1,0 continuous »«> D plus C and let 

domain (Hint i| , 'Y ' ' ' n,:,| . ,s in a one-to-one fashion on a slit- 

form: the Z *—! «» 

t.. pointv=». sir \L; z F(2) h ; /; p ir 

una,e of C. Hence .V„ - .V, _ 0; , mt .y x J\ZZ h »t X 0 L p] “ ,0 “** ° U th# 

4. Let L (x, y) be biharmonic for x 2 4 - <r 1 T - , , , 

in a Taylor series in this domain, so that r i^L^™ y™ 1>C 

r. Lnu! the equilibrium temperature distribution T in the half-strip- 0 < x < 1 

... " ■ J’., "lule the edge Z 0 )* ^ 



9-37] 


GENERAL FORMULAS FOR ONE-TO-ONE MAPPING 


005 


ANSWERS 


2 . F( 2 ) = z + - + £ log z (not single-valued). 

3. To + x(7\ - To). 

9-37 General formulas for one-to-one mapping. Schwarz-Christoffel 
transformation. The examples encountered above have ; 

portance of conformal mapping for apphcat.ons. The e^ dl reman*Ohe 
problem of exhibiting a reasonably large class of explicit mappings to 
the needs of applications. Here we give several formulas, winch help m 

^'ila^inT'anto infinite ^ip n-ith slits. Let real constants A„ h, . 

h n} K +1 be chosen such that for some m, 


hi < 7*2 < 


• • • 


< hm\ km > hm+l > 


> h 


n+l 


(9-21S) 


As extreme cases one can choose m = 1 or “ =+ 1 '. . ^ 

^^ha™»r^tion C aTn l thchatfVh»ne y > 0, with the following 
boundary values for y — 0: 

v = hi for x < xi, v = h 2 for x, < x < x 2 , . . . , 

V = h n for Xn-i < X < X„, v = hn+i for x > x n , 

is provided by (9-206): 

1 ... Z — z 2 , - Z — z„ 

v = - [hi arg (z — z i) + h 2 arg _ + 

7T z 1 


• • 


4- hn arg 


Z — Z ti —i 

+ /u+i|ff- arg(z - z n )}]; 

i , n . „ _ _ . Of . A corresponding/(z) = u 4- iv = w 

here z x = Xi + 0?, z 2 — x 2 4- , . • • • 

analytic in the upper half-plane is 


/(z) = - [M Log (z - zi) + h 2 Log 2 _ 2i + 

7r 


• • 


+ hn Log 


Z — Zn 


4- /ln+l(l> - L°g ( Z - + a> (9 219) 

where a is a real constant. When the constants hi, . • • +} ia tf-p{anc; for a 
p^^'TrrVbX^hriSe domain A b bounded by lines 
v = const. 


Example. 


V — Log z) J 


f(z) = l [Log (z 4- 1) + 3 Log + 20 
= - [27ri 4- Log z - 2 Log (z 4- D1 
maps the upper half-plane on the domain Ih shown in Fig. 9-56. 
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v = h**=3 


v = h* = 1 


arg w, = h** 


, '* .rt, 


arg w,.h* 


Fig. 9-56. 


Fig. 9-57. 


In general the image domain D x lies between the lines v = h* v = h** 
where A and h are the smallest and largest of h x> h 2 , . . . , h n+1 ; the bound- 
aiy of D x consists of these lines plus rays v = const corresponding to the 

p“foiec S -of'VKtirr dm T a‘ Fo n r b , L i ^ 

.l, : o r (Section 9 32) _ £*33 

- m,,st h “ ve ,he fo ™ 

Mapping onto sector with radial slits. If /,** - h* < 2i r so that the 

I>ro\'i(iecJ (,.-2,8, ho.ds. The 

«*a = f\z) = oxp{f(z)] = exp(q + ,7, n+1 ) 

(^ - *l/'(S ~ Z 2 ) t: • • • (2 - *„)*»’ 

/r, = . ,. _ *.+, - h n (9-220) 

^ T ’ 

1 ^^-! 9 _ ti'’ f' ' a '° t: '. k, ‘ n as Principal values: (z - r,)*' - e xp 

sector? ,* < arg nJ^-tl’botS u‘ “?° “ |* omain D = ™ ‘he 

other lines and™ ,, g Xtd“n ^ n'^ 'T ^ of and 

upper half-phine on the 7l7.main />. ttliej h»- P - f ( * ) ™P S ‘ he 
has opening 2x end the boundary lines coincide ~ ’ the SeCt0r 

obtaSf^l namd^the <*» of mappings is 

= G(J) = L F(2> * + <,ons ‘ -/> dz + const, Im ( 2 0 ) > 0, 

JSO 

or, more explicitly, 

w = G(z) = A ( ■__ ,lz 

Liz- z x y\z - + B, (9-221) 

w Ihmo A and li arc complex const«mts r pi. w ♦* 

tl.e Schwarz-Christoffct Iransformatiou . I nXr appropriate"' ” G(z) . . definps 

[ uppropnate assumptions on 
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the constants k h w = G(z ) maps the upper half-plane in a one-to-one 
mamier onto a domain bounded by straight lines or line segments, and it 
can be shown that every one-to-one mapping of the half-plane onto such a 
domain is representable in the form (9-221). This includes, in particular, 
every mapping onto the interior of a polygon. 

The function G(z) satisfies the boundary conditions: 


arg G'(z) = hi for y = 0, 
arg G'(z) = hi for y = 0, 


x < x i, 

X\ < x < x>, . • • , 


for 


W 



G'(z) = e w = c“ +<P , 
argG'(z) = v = Im[/(z)]. 

The quantity arg G'(z) measures the 
amount by which directions are 
rotated in going from the z plane to 
the w plane (Sections 9-9 and 9-30). 

Hence along the boundary the 
amount of rotation is piecewise 
constant; accordingly, each interval 
x < x lf Xi < x < x 2 , . . . must be 
mapped on a straight line by w = 

G(z). The numbers hi, h 2 , . . . give . 

the angles from the direction of the positive real axis to these nes as . in¬ 
gested in Fig. 9-58 for the case of a convex polygonal domain, the 

k lW = h 2 - In, k 2 ir = h 3 - hi, . . . , k n ir = h n+l - h n 

are successive exterior ajigles of the polygon; the (w + 

is hi + 2,- h n+ i. It can happen that h n+l = /n + 2,r, m which case u 

polygon has only n vertices; otherwise, for a proper com ex pohg n, 
h n +1 < hi 4- 2ir. Since 

knr + -h Ar„ 7 r = ( h 2 -*!>+•••+ (*«+» _ hn) = /,n+1 " hu 

the two cases are as follows: 

£,+ ••• + = 2 ve, ticos) ’. , 
kl + . . . -f- k n < 2 (n 4 - 1 vertices). 

The vertices w u . . . , w n of the polygon are the images of z x , . • • ■The 

(n 4 - l)-st vertex, if present, is the image o - that (he k ’s are be- 

convex polygon, 0 < k\ir < 7 r, 0 < k&r < ir» • • • > 
tween 0 and 1. Given any set of k's such that 

A-, 4 - k 2 4--h = 2 > 

0 < ki < 1 , • • • , 0 < k n < !» 

the corresponding function w = G(z) determines .1 OI1< , <>n< ^viTh^tcrior 

the upper half-plane onto the interior of a convex p ygo >th I 
angles kn r, knr, .... Conversely, given a polygon uith u.lucs .. 
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Fig. 9-59. 
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U' n+h there exists a one-to-one mapping w = G(z ) of the upper half-plane 
onto the interior of the polygon. Determination of the points z lf . . . , z n 
and the constants A and B is in general a difficult problem in implicit 
equations; for special cases, as illustrated in the problems below, the con¬ 
stants can all be determined. 

As mentioned above, the image domain can also be bounded by infinite 
lines. Such a case is suggested in Fig. 9-59, on which the values of the A’s 
aie shown. 1 he boundary of the domain can be regarded as a polygon, 
some of whose vertices are at °o. In the example shown, there are 10 ver¬ 
tices in all. As the example shows, some of the sides can overlap, so that 
arg G'(z) has values differing by ±w on opposite “edges” of the side. 

h = „ Remark. Let a simply connected 

domain D of the w plane be given 
and let it be required to map the 
half-plane y > 0 of the z plane in a 
one-to-one conformal manner on D. 
It follows from the general mapping 
theorem of Section 9-32 that such a 
mapping can be found, provided D 
is not the finite w plane. In fact, 
infinitely many such mappings can 
be provided. Let w = f(z) be one 

c . »ueh mapping and let z = q(z,) be 

a linear fra,-honal transformation [ef. (9-193)] of the half-plane Im(z,) > 0 
the Ik, (-plane In. z > 0. Then „ =/,„(„), = ;, fc) P a ps Im * } > 0 

h. that I*. !<• = ,!(.’) maps Im(:) > 0 on D. For every choice of the 
11,‘ppmg ,, Of half-plane on half-plane, we pet a new mapping h of half-plane 

domain ) " '°'n r ma PPmgs of the half-plane on the given 

t. ™llf , in" r" 1 ''!’° a r' nsle "'••‘PPing / by compounding in this 
' One can i r, ';"' , " ,n:ll . ll:insfo '-mation g of half-plane on half-plane. 

tions forwimnl “ P! ‘ rt,, '“ li "' ".' !1 l>l>ing/l,v imposing additional condi- 
'i' 0,10 ( ;,n ,0( HiMe that three specified points z, z* z 3 

" y O? O nro-i del d 1 ’""' 1 !•" "T P° ints «•»« the bound- 

u. N <>t D provided the cyclic order of the triples matches the eorrespond- 

Xn bv the^iTT. 7 ,h ° b ° l,,Uh,ri -- The justification ^^isZe 

three ."ven , i, ' V ‘"“i ^ mi,p 1 ,ho hal, '-P h >ne onto itself to take 

1 . p , pom f 0,1 hc ,val to three given points on the real axis 

1 Th 0 ° no m- 1 ?’ 1 "T U U (( ‘ f - 1>r ° h - ° fol,owi "B Section 9-31). ’ 

(()-•»()/ 0 09 ,'; ‘ ‘ " L • ,y spmn J roI « in the transformations (9-219), 

, ; °’’ (9 v n " In s< ' okm " a transformation of one of these types onto 
‘ "7 ‘, T IUn ' V nC can as ? u,no the points at convenient positions 

of the transformation. I, wil, hZmd "Z ZZIZZSS 
a spen.il point, so that h, i+l ^ and, for (9-221) h ^ h, _l The 

Other two special points can hc chosen, for example, as 0 and 1 

Map, onto circle with tc,II,. As a final example of a class of explicit one- 

following fi Z maPPmgS ' men "° n fum Hu “ s “ - having the 
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GOO 


(9-222) 


Here the numbers k g and a, are real and k, > 0, 0 < a, < 1 for s 1, 

. . . , n; the numbers Zi, . . . , z„ represent distinct points on the circle \z\ = 1: 
the principal value of the a. power is used. The function H(z) is then 
analytic for \z\ < 1 and is moreover one-to-one in this domain (I’rob. G 
below). The image domain is approximately the region \w\ < 1 plus a 
sharp “teeth” projecting from it; the points of the teeth are the images ot 
the points z n . The smaller each the sharper the corresponding 

tooth. Further properties of these functions and other mapping classes 
are described in a paper by P. Erdos, F. Herzog, and G. Piraman, I acific 
Coast Journal of Mathematics , Vol. 1 (1951), pp. 75-82. 

PROBLEMS 

1. Verify that the following functions define one-to-one conformal mappings of 
the upper half-plane and determine the image domains. 

(a) w = 2 Log (z + 1) — Log z 

(b) w = Log + 2 Log + 3 Log - 2 Lo S < 2 “ :i) 

(c) w = (principal part). 

2. Determine a one-to-one conformal transformation of the half-piano Im(z) > 0 

onto each of the following domains: , n < ^ . 

(a) the domain bounded by the linos - * 0, .■ = 2 and the vay r = 1.0 5 u < “■ 

[Hint: seek a transformation of form (9-219), with z x , Zi 1 

(b) the domain bounded by the lines v = °- •' = 2 and tin ' <> • 1 _ ’ 

- w <;_ l- » = l 1 <. u < <*] [Hint: use (9-219) with u - 

2a = p > 0, /i, = 0, h, = 1, Zi. = 2, /i. = 1 and .lcterm.no p so that the mapping is 

^(ef the first quadrant of the to plane minus the segment from tr = 0 to 
= exp (<=). [Hint: first apply the transformation w, = Log u> and then map 

the half-plane on the resulting domain in the tt’i plane.1 

3. Show that each of the following transformations of 
be regarded as special eases of the Schwarz-Chi isto . 

(a) w = y/z; 

(b) w = sin -1 z, — v*r < Re(u’) < 

(c) the transformations of form (9-219); 

(d) the transformations of form (9-220). 

4. With the aid of the Sehwarz-Ch^ 

r~b. 2(a, following Section 0-33). 

5. Prove that if (9-2.8) holds Z 

transformation of the half-plane Iinu) > U. I 111 I 


W = 
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term g of / = —2A:, Log (z—zf) + const satisfies the inequality: R e[i{z—z m )g'{z)\ >0 
in the half-plane. Then apply test VI of Section 9-30.] 


6. Let w — u + iv — H(z) be defined by (9-222), under the conditions described 
above. Show that H(z) is analytic and one-to-one for |z| < 1. [Hint: show that 
each term h of H(z) satisfies the condition: Re[/i'(z)] > 0 for Izl < 1. Now apply 
test V of Section 9-30.] 


ANSWERS 

1. (a) The domain bounded by the lines y = + x and the ray v — 0, 
log 4 ^ u < (b) the domain bounded by the lines v = ir, v = — 2tt and the 

rays: v = -ir, 1.89 ^ u < »; y = 0, 1.28 ^ u < «; y = 0, - » < M ^ -3.17; 

(c) the upper half of tlio w plane minus the portions of the imaginary axis between 0 
and 0.27i and between 3.7i and ■». 

2- 00 ~ [l* — -h 2irt — 2 Log (z — 1) — log 4 J; 

(b) - [^Log —— -i- 2 Log — g 5,1 + id - Log (z - 5.1) - O.O 3 J; 

(c) (1 +t)*-*(z - 1)1. 


9-38 Analytic continuation. Tim multiple-valued functions, such as 

()g sin 1 z, have been awkward to deal with, since they are not functions 

m the ordinary sense. We have been forced to select “branches” in an 

arbitrary way m order to use these as analytic functions. There is a more 

natural point of view, to be described here, on the basis of which logz, 

sin- z, all other inverse functions, and their combinations with each other 

and with elementary functions become “analytic functions,” in the proper 
sense o! that term. 

Let Mz) be defined and analytic in a domain £>,; let / 2 (z) be analytic in 

domain D,. and let D. overlap D x as in Fig. 9-60. If /.(z) = Mz) in the 

common part o D, and I),, t hen f,(z) is said to be a direct'analytic continua- 

fion of Mz) \\ e also say that /,(z) has been continued analytically from 
l)\ to the domain /)•_>. J J 

Given f\(z) in D x and given D« 

overlapping D x , it may or may not 

bo possible to continue /,(z) to 

however, if continuation is possible . 

it can be done in only one way. For 

‘f/-■(*) and/^fz) are both analytic in 

A- and both coincide with fi(z) in 

the common part, then />(:) — 

/:(z) - 0 in the common part: hence, by Theorem 43 of Section 9-24, 

f,(z) = f,( Z ) m />,. 

Having continued/.( 2 ) from D, to D„ we can now try to continue/.(*) 
from D, to a new domain 1)„ and so on. By repeating this a finite number 
‘™es, we finaily teael' a function /.(c), analytic in />„, as suggested in 
lg. •> 01. He call f„(z) an indirect analytic continuation of /,(z) and say 



Fig. 9-60. 
tion. 


Direct analytic continua- 
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Gil 



Fig. 9-61. Indirect analytic continua¬ 
tion. 



Fig. 9-02. 


that /,<*) has been continued analytically to D„, via the domains Dt. Dz 
F, We can no longer assert that the funct.on /„(;> ts uniquely 
determined by /,(“); for it may lx- possible to continue /,(* to it via a 
second chain of domains and the results m IK need not ag retTitles 
illustrated by continuations of Log 2 going around the o igin ■ d ff mn< 
directions. In particular, it can happen that IK overlaps A and et /. 
is different from /. in the common part. However if /.can ' “ 1 

to i>„ via IKD, .... IK-u then the result obtained m D„ sameffn 

all such continuations via the same chain 1)>, D 3> • • • > r * 1 
Do is uniciue us above, hence the result in D, is unique, etc. 

A fundamental method for analytic continuation is tha o [ 

Ivet fr(z) itself be defined by a power series, so that Di i» bounded »> ■ 
circle; we assume the radius to be finite, for otherwise the ™ £ 
out interest. Let 2 , be the center of the circle and let , be ^ond, ^ 
of D x . By Theorem 38 (Section 9-21). /,(*) can be expanded mad a> o, 
series about z 2 ; this series defines an analytic function /,(. 1 ;i < n 

domain D t D* may reach only to the boundary of D\ ox it ma> extend 
farther; in the latter case, fj is a direct anajyl.c cainfunurtmu of/i(r). 
By repeating flic process in Dt, wo gel new continiuit ons/, 1 

In particular, let f(z) be analytic in a nonc.rcu'ar domain^ and e 
/.(*) be the sum of the Taylor series of /(a) about a point a, of U /.(. 

is a second such Taylor senes, about a poll t zt » f ‘ ’ pl of Iar 
tinned to Mz) by power series expansions of/(.), tha^. ^ SU(0lwt(H , 

domains in D, connecting the domains />. an 1 -•> ■ enters of 

in Fig. 9-62. The Taylor senes expansions of ^^about^ ^ 

these circles provide the desired continual • a { () t .| ia i ns of circu- 

as the result of continuation of one power M f' ' collection of power 

lar domains in D. This suggests thinking of /(*> « co,,<ctl 1 1 

aeries, all related by analytic continuation. understanding 

This point of view can be generalized and is the < . sor5os in a 

the multiple-valued function. Let f'( z) . H ' ™cr\cs f(z) obtainable from 
circular domain D x . W e now consicloi I • This, in general, 

Mz) by power series continuation, dxroe ta ‘ by ’ un analytic 

vast collection of power series is precisely 
function in the broad sense. 
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For example, log z is regarded as the same as all power series 
log \z 0 \ + i arg z 0 + J^ (-l)"-* ~ ^ > z 0 ^ 0 . 

rTTi nzZ 

For given 2 „, there are infinitely many series, but any two are analytic 
continuations of each other. 

Another reason for considering all power series related by analytic con¬ 
tinuation as part of the same analytic function is that any functional prop¬ 
erty of one series will be shared by all the others. Thus, if /,(z) satisfies 
the algebraic relation 

(/.( 2)) 2 + 2 Mz) + 3 = 0 , 

then every analytic continuation of A(z) satisfies the same relation: Let 


17i(2) = lA(z)}- + 2A0) + 3. 

Then ( 7 , 0 ) is an analytic function of 2 in /), and can be continued wherever 

/,0) can be continued; in particular, the continuation of ( 7 , 0 ) to DJz) on 
a particular chain is precisely 


£/n0) = (AO)] 2 + 2/„0) + 3, 

where AO) is the continuation of/,0) on this chain. But (7,0) = 0 in £>,; 
O riiat is ' K Un,q,,onoss p, ' opcrty> 2,11 continuations of 17 ,( 2 ) are identically 

IAO)] 2 + 2A0) + 3 = 0. 

rjh,s ^a.-soning extends to identities of great variety, and to differential 
equations. 1 hus, since one series of log 2 satisfies the condition 

dw 1 
~ - - = 0 , 
dz z 

this condition must be satisfied by all the series. 

....T'|! !+- nt ! fiCiU -m n . ‘analytic function" with class of power series has 
<ut.un delicts. 1 hus, it a blanch of a function has a pole at z„, we would 
somehow hkc to include this in the description of the function- th s c 

«hr -nos about Z 

analytil at r - » b ° U \ *” ~ “. ,>ram * of tho function has a pole or is 

such .s -\~r „ A mon ‘ com Phcatcd difficulty arises with a function 
. h as ic - v Here no senes expansion covers the point- 2 = 0 at 

vInch we wish to assign ic the value 0. If we permit series of form 


y 




O n (z — Z o) « 


n - - .V 


(9-223) 

"’-medic i ,,Ul V ar ° in ,LT'T l '° mmon - then tin's defect can be 

, ™ ' . . ,T TV n fUn, '. ,lon . has olgctraic branch point of order 

IV r - in, A r, ' c -f -™ 8 SU ' es thc value a „ to the function. 

tion ,’n an d a’ P ,- C ' e of , brand > Point, and further informn- 

i d he n •■ontmuatton. the reader >s referred to thc work of Knopp 
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RIEMANN SURFACES 


9-39 Riemann surfaces. While the general definition of analytic func¬ 
tion just given does simplify the description of multiple-valued functions 
such as log 0 , the multiple-valued nature still remains, lor each z 0 , t he" 
may be many different series in powers ol z - z u which are all pait ot the 

In order to make the function single-valued, one introduces the Rumann 
surface associated with the function. This can be thought of as beng con¬ 
structed as follows: to each power series forming part of the r »o >n > - 
associates a circle whose radius is the radius of convergence. 1 \ e 

need no longer be placed in the * plane and is to be regarded as r 

by itself. If two such series are analytic continuations ot eat h othc , «e 

merge the two circles along the common part for w nr i t ic ''<>'•* 1 J ' 
the same sum. If the circles are represented as pieces of . per in space, 

the merger can he accomplished by pasting toge ler. . w hieh is 

all the series which make up the function, one obtains a m. a e « < ; 

in general quite complicated. For log « ,t is precisely the . f. c- T g. 
9-17. One now uses the original r values within each cu.l<' m asui-e 

distances and angles within the circle; in othei won \m 4 positions 
face onto the a plane, so that the circles fall back on , heir o, ,gin. 1 a s 
and the original * coordinates are recovered Many circle., mat hau• the 
same center r., but they are to be regarded as .hs.inc, untaa ^coim 
sponding series are identical. Hiis ideal suifaic is » ‘ | ( |, P 

of the function. Each point of the surface lies in one ol tin • * 

value of the function a! the point is the sum of the sent .£ 
that circle; this value is the same for any two circles containing ■ 
point. Hence the function is single-valued on the . , 

For w -Vz, there are two series for each -- other hail the «»**«». 

the surface has two layers or ““hUs'he oilghi‘corresponds to one 
there is only one senes, of form ( .) — o), 11 * « raros a 

point of the surface. A similar statement holds at »• 

simple closed path C around the origin in the z p zinc, scries whose 

ing path in the surface; we need only select a < bmn >f I ^ ^ „ 

centers are on C, and which form successive ana yt.e « How_ 

this way, each point of C is associated . in:i |vti,- continuation 

ever, in tracing C once from z, to zi, the coricspond g, anai> * y7 „ 

will not return to its initial value, but to \c n< ga ^ In ()| . ( | (M . ()) obtain 
corresponding path on the Riemann surface ' twico> This is typical 

a closed path, it is necessary to go around the o> igm ixiui. 

of a branch point of order 1. :™iimnblc value, especially ill 

Riemann surfaces have proved to be <> literature on the subject, 

the study of algebraic functions. 1 here is a I g ' f further back- 
We refer to the books of Knopp and HurwiU and Couiant 

ground and references to other sources. 


PROBLEMS 

1. (a) Prove Theorem A of Section 9-14. 
(b) Prove Theorem B of Section 9-14. 
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2. Represent the following analytic functions (in the broad sense) as collections 
of power series: 


(a) w = (b) w = --- 1 

z z(z - 1 ) 


(c) w = z* (d) w = log 2 + e*. 


3. Which of the following pairs of functions form analytic continuations? 

X 

(a) /.(z) =J2 2 n , \z\ < 1 and Mz) = —L~ f or Re(z) > x . 

n - 0 1 — Z 

(b) Mz) = Log 2 , /o( 2 ) = log \z\ + t arg 2 , 0 < arg 2 < 2tt; 

(0 /i(z) = J (-l)"(z - l) n , |z 11 < 1 and M z ) = Y\ (-1)" ^ “ 2) ” 
|z - 21 < 2. ”“° n -° 

4. Analyze the Riemann surfaces of the following functions: 

(a) iv = <T» t (b) w = log 


2 " 


z — 1 
Z + 1 


It will be found helpful to plot, for (a), Re[/(z)] and, for (b), an5 [/( z )] as a function 
t il , y > _ cf - Section 9-lo above. The Riemann surface is obtainable from this 
thoshcets flatten,ng lt onto thc 2 P ,ane > whi,e retaining the separate identities of 


ANSWERS 


-• (’0 £ ( - l) n plus series: w = - at 0 and «> • 

n - O *0 Z 1 


CO 


S' n [:zo~- i) n ^ 1 2S + , ] (2 Zo ' )n ' ~^ _ £ z " at0 > 

n - 0 

z~[ (-O^z — 1)" at 1, Vi. 

v 1 fl — 

4 [1 + \ 


f» - 0 
z — 2o 


— at cc : 
rTIt> 2 ’ 

1 (2 - z„)* ^1-3 (z - z 0 y . 

* — . •• • • • Jt 


*- 


- O. 


w 


here 2,5 - 2 b : exp( >i arg z 0 ), plus series: 10 = 2 $ at 0 and ® • 


] 


<1 - 1 X/ n f ~ 2 °) n + l°g Zo! 4- i arg 2 0 ( — l) n + l ^ 

n “° * "-1 


fi-0 n ’ 

no series at 0 or co. 

00 anf l 00 arc analytic continuations. 
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INDEX 


Abel’s theorem, 534 
Abel summation of series, 599 
Absolute convergence, 493 
Absolute value of complex number, 486 
Addition of complex numbers, 487 
Airy’s stress function, 602 
Algebraic branch point, 612 
Algebraic equation, 574 (Prob. 5) 
Amplitude, 486 
Analytic, along a curve, 513 
at a point, 513 
at infinity, 557 
continuation, 522, 543, 610 
Analytic function, 486, 510, 526, 542, 

581 

in the broad sense, 611 
Angle, 489 

Annular domain, 553 

Arc length, 508 _ 

Argument of complex number, 486, 5-6 

principle, 572 
Arithmetic mean, 539 
Average value, 539 


Biliarmonic equation and functions, 602, 
604 (Prob. 4) 

Boundary, point, 554 
value problem, 591-604 
Bounded function, 544 (Probs. 7 and 8) 
Branch, 526, 531, 610 
point, 526, 531, 612 


Cauchy, criterion, 492 
inequalities, 544 
integral formula, 539 
integral theorem, 516, 537, 542 
residue theorem, 564 _ _ 

Cauchy-Hiemann equations, 505, oOJ, 

510, 516, 549 

Change of variables in integrals, 519 
Circle of convergence, 532, 542 
Comparison tests for series, 493 
Complex conjugate, 486 
Complex number infinity, 557 


Complex number system, 486 
Conformal mapping, 580, 590 (Prob. 

14) 

Conjugate harmonic functions, 546 
Continuous function, 502 
Convergence, of integrals, 577 
of sequences, 492, 498 
of scries, 492, 498 
Critical points, 589 
Cross ratio, 589 (Prob. 9) 

Curl of a vector field, 549 


5. r )0 


Definite integral, 575 

Degree of rational function, obi 

(Prob. 9) 

Deleted neighborhood, 5o4 
De PHopital’s Rule, 574 (Prob. 11) 

De Moivre theorem, 489 
Derivative, 501 
Differential, 502 

equation, 537 (Prob. 4)^ 
Differentiation, of series, 53.» 
of integrals, 520 (Prob. 4), 
(Prob. 9) 

Directional derivative, 505. oi l 
Dirichlet problem, 591, 592 
Distance, 488; see also Arc length 
Distfibutivc law, 487 
Divergence, of sequences, senes, 
grals; sec Convergence 
of a vector field, 549 
Diverges to infinity, 492 
Domain, 494 

nf convergence, 532 


inte- 


Elasticity, 602 

Electrostatic potential, o9# 0 rob. -) 
Elementary analytic functions, o-l 
Entire function, 544 
Equilibrium, 598 (Prob. 3) 
Equipotential lines, 600 
Error, estimation of, 508^ 

Essential singularity, 5oo, 558 
Euler identity, 490 


G17 



618 


INDEX 


Exponential function, 490, 521, 523, 529 
Exponential transformation, 5S6 
Extended z plane, 55S 

Finite z plane, 55S 
Flow past an obstacle, 600 
fluid motion; see Hydrodynamics 
Fourier series, 524, 534, 549, 598 
(Prob. 5) 

Function, 494, 525, 5S1 
functional equation, permanence of 
522, 612 

Fundamental theorem of algebra, 574 
Geometric series, 498, 499, 533 


Liouville’s theorem 544 (Prob. 8) 
Logarithmic, branch point, 526 
derivative, 570 
function, 527 
potential, 551 
residue, 570 

Mapping; see Transformation 
Modulus, 486 
Morera’s theorem, 517 
M-test for series, 499 
Multiplication, 487, 490 
of series, 493 
Multiplicity of zero, 556 


Harmonic, conjugate, 546 

function, 485, 501, 509 (Prob. 6), 510 
545, 54S, 591 
Hydrodynamics, 599, 600 
Hyperbolic functions, 521 


Imaginary part, 486 
Indefinite integral, 518, 521 
Independence of path, 516 
Inequality, 488 
Infinite, sequences, 491, 498 
■ v , P , --494; sec also Fourier series 

row<‘r scries 

Infinity, complex, 497, 557. 567 

integral, complex, 505 

depending on a parameter, 55C 
(Prob. 9) 

function, 51 1 (Pro!), s) 

Integration oi >ories, 50s 

Inverse, functions, 525, 550 (Prob. 7), 
ott1 


points, 5P0 (Pro!>. 10) 
trigonometric functions, 531 
Isolated boundary point, 554 
singularity, 554 


Neighborhood, 554 
nth term test, 493 

One-to-one transformation, 572, 581, 
605 

Open interval region, 494 
Order of pole, 555 

Partial sums of series, 492, 498 

Permanence of functional equation. 522 
612 

Piecewise smooth, 505 
Poisson equation, 603 

integral formula, 547, 592, 595, 599 
(Prob. 6) 

Polar form of complex numbers, 488 
i ole, 555, 558, 564 
Polynomial, 485, 497, 521 
Power, function, 489, 530 

series, 485, 532-537, 540-545, 552- 
554 

Principal, part, 555 
value of function, 528, 530 
value of integral, 578 
Pure imaginary, 487 


Laplace equation; 
t ions 


Harmonic fiuu*- 


Laurent series, 553. 554, 563 
Leibnitz rule for integrals, 520 (Prob ] i 
550 (Prob. 9) ' 

Length of a curve; sec Arc length 
Level curves, 581 
Limit. 495 


l ine integral, 505 

Linear, fractional transformation, 584 
integral transformation, 583 


Radius of convergence, 533, 543 
Ratio test, 493 

Rational functions, 497, 521 , 561 (Prob. 

9), 574 (Probs. 3, 4), 584 

Real part, 486 

Reciprocal transformation, 583 
Removable singularity, 555, 557 , 561 
(Prob. 1 2) 

Residues, 562, 567, 575 
Riemann surfaces, 613 
theorem of, 561 (Prob. 12) 

Roots, 4S9, 490, 495, 530, 574 
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Root test, 493 
Rotation-stretchings, 582 

Schwarz-Christoffel transformation, GOG 
Sense-preserving, 580 
Sequences; see Infinite sequences 
Series; see Infinite series 
Simply connected, 538, 54G 
Singular point, 554 
Slit domain, 601 
Stereographic projection, 558 
Stream function, 600 
lines, GOO 

Stress function, G02 
tensor, G02 

Subtraction of numbers, 4S7 
Sum of numbers, 487 

Tangent vector, 504 (Prob. 7) 

Taylor formula with remainder, 542 


Taylor series, 510, 536, 541 
Tensors, G02 

Transformation of coordinates, 572, 580, 
G05 

Translations, 582 
Triangle inequality, 4SS 
Trigonometric functions, 521; see also 
Fourier series 

Uniform convergence, 498, 508, 533 

Vector field, 494, 549 
Velocity potential, GOO 

Weierstrass and Casorati, theorem of, 
561 (Prob. 13) 

Weierstrass .U-test, 499 

Zeros of function, 495, 524 (Prob. 5), 
55G, 558 
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